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We present a new algorithm for mixed quantum-classical dynamics that helps bridge the gap
between mean-field �Ehrenfest� and surface-hopping dynamics by defining a natural rate of
decoherence. In order to derive this decoherence result, we have expanded the number of
independent variables in the usual Ehrenfest routine so that mixed quantum-classical derivatives are
now propagated in time alongside the usual Ehrenfest variables. Having done so, we compute a
unique rate of decoherence using two independent approaches: �i� by comparing the equations of
motion for the joint nuclear-electronic probability density in phase space according to Ehrenfest
dynamics versus partial Wigner transform dynamics and �ii� by introducing a frozen Gaussian
interpretation of Ehrenfest dynamics which allows nuclear wave packets to separate. The first
consequence of this work is a means to rigorously check the accuracy of standard Ehrenfest
dynamics. Second, this paper suggests a nonadiabatic dynamics algorithm, whereby the nuclei are
propagated on the mean-field �Ehrenfest� potential energy surface and undergo stochastic
decoherence events. Our work resembles the surface-hopping algorithm of Schwartz and co-workers
�J. Chem. Phys. 123, 234106 �2005��—only now without any adjustable parameters. For the case of
two electronic states, we present numerical results on the so-called “Tully problems” and emphasize
that future numerical benchmarking is still needed. Future work will also treat the problem of three
or more electronic states. © 2010 American Institute of Physics. �doi:10.1063/1.3314248�

I. INTRODUCTION: NONADIABATIC DYNAMICS
BEYOND THE BORN–OPPENHEIMER
APPROXIMATION

The Born–Oppenheimer approximation separates the
motion of heavy nuclei from the motion of light electrons,
and for many chemical properties and reactions, this separa-
tion is reasonable and reliable. Nevertheless, as has been
repeatedly emphasized in literature,1 there are physical situ-
ations where the Born–Oppenheimer approximation is not
valid and an understanding of nonadiabatic effects is crucial.
In particular, in order to correctly describe electron transfer,
energy transfer, or any form of electronic relaxation, one
must be able to model nonadiabatic effects, where electronic
state transitions are exchanged for nuclear kinetic energy
�and vice versa�.

Currently, several computational algorithms exist for
modeling nonadiabatic effects. The computationally cheapest
algorithms are local algorithms: one treats the nuclei as clas-
sical particles and then propagates a few variables �nuclear
and electronic� to simulate the dynamical trajectory of a
single system with both nuclear and electronic components.
Later, one averages over many mixed quantum-classical tra-
jectories to obtain reliable statistics. Examples of such local
models are mean-field Ehrenfest dynamics,2,3 surface
hopping,4–14 and the Miller–Meyer–Stock–Thoss formalism
�MMST�,3,15–17 all of which are discussed below. As far as

the current implementations are concerned, Ehrenfest is
computationally the cheapest, then surface hopping, and then
MMST.

Beyond local methods for nonadiabatic dynamics with a
classical flavor, there are, of course, nonlocal methods for
nonadiabatic quantum dynamics. In contrast to local meth-
ods, nonlocal methods explicitly consider the shapes of
nuclear wave packets on several surfaces, an asset that yields
additional accuracy—albeit for a higher computational price.
By definition, the most expensive such algorithm is full wave
packet propagation, which is exact up to the spatial and en-
ergy limits specified by the grid size. Less demanding than
full wave packet propagation is the ab initio multiple spawn-
ing technique pioneered by Martinez and co-workers18,19 and
the partial Wigner transform approach studied by Kapral20,21

and others.22–30 For partial Wigner transform dynamics, one
propagates a joint nuclear-electronic probability density in a
classical phase space with a truncated equation of motion.

In this paper, our central purpose is to bridge the gap
between Ehrenfest dynamics and partial Wigner transform
dynamics and, in so doing, develop a decoherence rate for
Ehrenfest dynamics. In order to accomplish this goal, we
have augmented standard Ehrenfest dynamics by adding new
variables that contain information about nuclear-electronic
correlations. These new variables allow us to work with the
equation of motion for the Ehrenfest probability in joint
nuclear-electronic phase space and thus to compare Ehren-
fest dynamics with partial Wigner transform dynamics. Three
consequences emerge from our study. First, we develop a
means to rigorously check the accuracy of standard Ehrenfest
dynamics vis-à-vis partial Wigner transform dynamics. Sec-
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ond, we show that there is a natural time scale �1 /�� over
which Ehrenfest dynamics fails. Third, using a frozen Gauss-
ian framework, this time scale may be rigorously and inde-
pendently interpreted as a decoherence time, and we give
preliminary evidence that mean-field dynamics with stochas-
tic decoherence events13,14 introduced at this rate is a pow-
erful new approach to nonadiabatic dynamics.

The outline of this paper is as follows. In Sec. II, we
briefly review mixed quantum-classical algorithms currently
used to propagate nonadiabatic dynamics. In Sec. III, we
formalize Ehrenfest dynamics in joint electronic-nuclear
phase space, which requires introducing new dynamical vari-
ables �Eqs. �40� and �41��. In Sec. IV, by comparing it to
partial Wigner transform dynamics, we derive a decoherence
rate for Ehrenfest dynamics �Eq. �52�� and give a frozen
Gaussian interpretation. In Sec. V, we put everything to-
gether and give a step-by-step outline of our newly proposed
nonadiabatic semiclassical algorithm. In Sec. VI, we give
numerical data for our algorithm applied to the three Tully
model problems.5 In Sec. VII, we summarize our results,
discuss the strengths and weaknesses of our approach, and
suggest future research. For the expert reader who needs no
introduction, Eqs. �40�, �41�, and �52� represent our new con-
tributions to the field of nonadiabatic dynamics.

II. BRIEF REVIEW OF TRADITIONAL NONADIABATIC
ALGORITHMS

A. Notational definitions

Before discussing nonadiabatic algorithms, we first es-
tablish the necessary notation. We begin with a Hamiltonian
having nuclear �R� and electronic �r� degrees of freedom

H�r,R� = Hel�r;R� + Tnuc�R� . �1�

Henceforward, for simplicity of notation, we will focus on
the case of only one nuclear degree of freedom almost ev-
erywhere �except in Appendix B, where we provide some
mathematical details in full generality�. All indices for elec-
tronic degrees of freedom will be subscript and in Roman
characters; when we include them, the distinct nuclear de-
grees of freedom will always be written in superscript and in
Greek characters. Electronic matrices will be written in bold
style. We denote m as the mass of an electron and M as the
mass of the �single� nucleus.

The standard and direct approach to nonadiabatic quan-
tum dynamics is to expand the complete �nuclear and elec-
tronic� wave function in an adiabatic electronic basis
�i�r ;R� with nuclear functions �i�R , t�,

���r,R,t�� = �
i

�i�r;R��i�R,t� . �2�

The adiabatic states for the electronic degrees of freedom are
defined by

Hel�r;R��i�r;R� = Ei�R��i�r;R� . �3�

In this basis, the time-dependent Schrödinger equation
i���� /�t�=H� becomes

i�
�

�t
� j�R,t� = �Hjj

el�R� −
1

2M

�2

�R2	� j�R,t�

−
1

2M
�

k
�2djk�R�

�

�R
+ gjk�R�	�k�R,t� ,

�4�

where the derivative couplings are defined as

djk�R� 
 �� j�r;R��
�

�R
�k�r;R�� , �5�

gjk�R� 
 �� j�r;R��
�2

�R2�k�r;R�� . �6�

As written, Eq. �4� requires propagating wave packet
dynamics over multiple surfaces, which is not feasible in
more than a few dimensions. The goal of semiclassical nona-
diabatic dynamics is to solve Eq. �4� approximately using a
modified version of classical dynamics.

B. Ehrenfest dynamics

The simplest algorithm for semiclassical nonadiabatic
dynamics is the mean-field �Ehrenfest� model,2,3 where, at
any nuclear configuration, we guess that the electronic wave
function � is a linear combination of adiabatic states �i�
whose coefficients do not depend on the nuclear coordinate,

��r;R�t�� = �
i

ci�t��i�r;R�t�� . �7�

Applying the time-dependent Schrödinger equation,
i���� /�t�=H�, to Eq. �7�, we find that along the nuclear
trajectory R�t�,

dcj

dt
= −

i

�
�

k

Hjk
el�R�t��ck�t� −

P

M
�

k

djk�R�t��ck�t� . �8�

For the density matrix, �ij =cj
�ci, the equation of motion is

d�ij

dt
= −

i

�
�

k

�Hik
el�kj − �ikHkj

el�

−
P

M
�

k

�dik�kj − �ikdkj� . �9�

Finally, according to Ehrenfest dynamics, the nuclei are
propagated on the mean-field potential energy surface

Ṙ =
P

M
, �10�

Ṗ = − �
kl

�klFlk, �11�

where we have defined the �negative� “force”

Fjk�R� = �� j�r;R��
�Hel�r;R�

�R
��k�r;R�� . �12�

While Eq. �10� is merely the definition of momentum,
Eq. �11� reflects the mean-field nature of Ehrenfest dynam-
ics. Namely, the nuclei move on the mean-field potential en-
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ergy surface rather than multiple nuclear wave packets mov-
ing on multiple surfaces. The subsequent shortcomings of
Ehrenfest dynamics are well known. For instance, Ehrenfest
dynamics cannot well describe bond making or bond break-
ing, where the nuclear wave packet must begin and end on a
single adiabatic surface rather than on a mean-field surface.
After all, the average motion of �i� a covalent bond and �ii� a
broken bond is not very meaningful: either the two fragments
are attached or they are not. In general, one fatal flaw of
Ehrenfest dynamics is its inability to capture the effect of
multiple nuclear wave packets moving along and separating
on different surfaces �which is a form of decoherence�.

C. Surface-hopping dynamics

For dynamics calculations, the usual correction for, or
alternative to, Ehrenfest dynamics is to apply a surface-
hopping algorithm, whereby the nuclei move along one po-
tential energy surface and stochastically hop to other sur-
faces, with a rate determined by some predetermined
criterion.

Many different flavors of surface hopping exist. Thus
far, the most commonly used brand is fewest switches sur-
face hopping �FSSH� suggested by Tully in 1990.5,6 In this
approach, one chooses the minimal hopping rate between
states so that, for a swarm of particles, the fraction of par-
ticles moving along surface k matches the instantaneous
electronic population �kk, the latter being propagated inde-
pendently. Other versions of surface hopping have been pro-
posed by Rossky,8,10,11 Prezhdo,9 and Schwartz,13,14 each
with different surface-hopping criteria. As shown by Truhlar
and co-workers,31–36 surface-hopping algorithms can also be
combined with Ehrenfest dynamics for additional accuracy.
For a brief recent review of the relevant techniques, see Ref.
13 and 14. To date, most surface-hopping algorithms in the
literature can be justified only empirically, by comparison
with exact results. The great successes of surface hopping are
�i� the ability to treat bond making and breaking and �ii� the
ability to close all energetically inaccessible channels during
scattering events.

Among the different surface-hopping models listed
above, the mean field with stochastic decoherence �MF-SD�
algorithm of Larsen, Bedard-Hearn, and Schwartz13,14 has
been a particular inspiration for our research below. In 2005,
by using a frozen Gaussian approximation, Schwartz and co-
authors derived a rate ��k� for the decoherence of the nuclear
wave packet on surface k from the mean-field wave packet

�k =
�kk

�k
dt , �13�

1

�k
=

��ijFij� ji − Fkk�an

�
, �14�

where dt is the time step of the algorithm, �k is the probabil-
ity of decoherence during any time step, �k

−1 is the rate of
decoherence per unit of population in state k, and an is the
width of the “Ehrenfest wave packet.” Schwartz and co-
workers then suggested doing Ehrenfest dynamics with sto-
chastic decoherence events at the rate of Eq. �13�, and they

demonstrated that for the Tully model problems, doing so
yielded a correction to standard Ehrenfest dynamics. In this
way, they also avoided propagating an independent elec-
tronic density matrix which did not correspond to the instan-
taneous potential energy surface.

Unfortunately, while the MF-SD algorithm has many at-
tractive features, Eqs. �13� and �14� have the essential draw-
back of requiring the width of a nuclear wave packet in order
to apply the frozen Gaussian approach. Although Schwartz
and co-workers found that the instantaneous de Broglie
wavelength was a reasonable guess

an = �D�t� 

�

mv
, �15�

1

�k
=

��ijFij� ji − Fkk�
�P�

, �16�

they also found that this ansatz needed a correction when
applied to the one-dimensional Tully problems. For one-
dimensional problems, they suggested scaling the thermal
wavelength by w, where w is a dimensionless parameter,
defined as the “width” of the nonadiabatic coupling element
in suitably chosen units. In general, this estimate is unsatis-
fying because choosing w for multidimensional problems
may not be possible �and the suitable units may be unclear�.
Moreover, the goal of all semiclassical nonadiabatic algo-
rithms is to model nonadiabatic transitions using only local
information about the potential energy surface.

Notwithstanding these deficiencies, the Schwartz algo-
rithm has been a key inspiration for the present work, as will
become clear. In fact, this research project began with our
attempt to find an approximate width an to plug into Eq. �14�.
Although our final nonadiabatic algorithm does not include
Eq. �14�, our final result �Eq. �52� in Sec. IV� can be inter-
preted using a frozen Gaussian framework and has clear
similarities to Eq. �14�.

D. MMST

Although we will not pursue the MMST approach in this
paper, we mention that there is a semiclassical approach to
nonadiabatic dynamics that avoids surface hopping entirely
and can be rigorously justified. The MMST algorithm treats
electronic and nuclear motion equivalently by introducing an
action angle variable to represent an electronic degree of
freedom. Combined with a method to do semiclassical
nuclear dynamics for an initial value representation, the
MMST approach correctly describes the most difficult nona-
diabatic effects including nuclear decoherence. Interestingly,
Ehrenfest trajectories appear naturally within the MMST for-
malism. In the future, it may be fruitful to analyze the deco-
herence rate presented below in the context of the MMST
approach.

E. Partial Wigner transform dynamics

While Ehrenfest dynamics is the quickest and dirtiest
way to do nonadiabatic dynamics, a much more rigorous
semiclassical approach to understanding mixed quantum-
classical dynamics is to represent the nuclear and electronic
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system by a partial Wigner transform. Let the total wave
function be denoted ���t��. As shown by Kapral20,21 and
others,22–30 a natural representation of ���t�� is a partial
Wigner transform over only the classical degrees of freedom.
Using the notation from Sec. II A, we define

Aij
W�R,P,t� 


1

2	�
� dXeiPX/���i;R − X/2���t��


���t��� j;R + X/2� , �17�

where X is an arbitrary point in nuclear coordinate space that
serves as a dummy variable. As we evolve in time, the equa-
tion of motion for the partial Wigner transform is �to first
order in �m /M�1/2�,20

�

�t
Aij

W�R,P,t� =
− i

� ��
k

Hik
el�R�Akj

W − Aik
WHkj

el�R�	
−

P

M
�

k

�dik�R�Akj
W − Aik

Wdkj�R�� −
P

M

�Aij
W

�R

+
1

2�
k
�Fik�R�

�Akj
W

�P
+

�Aik
W

�P
Fkj�R�	 . �18�

Equation �18� is a rigorous semiclassical approach to
nonadiabatic dynamics that correctly captures the dynamics
of nuclei moving on different potential energy surfaces. For
this reason, many research groups have investigated how to
solve this equation. Intriguingly, Kapral and co-workers20,21

noted that such equations can be solved by integrating over
trajectories with a certain kind of surface hops and “momen-
tum jumps.” For our part, we have found that understanding
and manipulating the differences between Eqs. �18� and �30�
�below� can be very useful.

III. THEORY: EHRENFEST DYNAMICS IN PHASE
SPACE

A. Equation of motion for the mean-field joint
nuclear-electronic probability density

Equations �9�–�11� completely describe Ehrenfest dy-
namics, whereby the electronic state of the system and the
classical coordinates of the nuclei are propagated together in
one trajectory. These equations are local in the sense that the
nuclei are treated classically �i.e., as point particles� and
there is no nuclear wave packet of any width. Beyond these
local equations, however, our immediate goal is to construct
an equation of motion for the global joint nuclear-electronic
probability density corresponding to a swarm of classical
particles in phase space undergoing Ehrenfest dynamics. Just
as Langevin dynamics yields a probability density that satis-
fies the Fokker–Planck equation, we seek an equation of mo-
tion for the joint nuclear-electronic probability density for a
swarm of particles undergoing Ehrenfest dynamics. Our long
term goal is to connect Ehrenfest dynamics with partial
Wigner transform dynamics in phase space �i.e., Eq. �18��
�see Table I�.

With these goals in mind, suppose that at time t=0, our
mixed quantum-classical system can be initially represented
by a swarm of classical particles distributed in phase space

with probability f�R0 , P0�. For simplicity, we assume that the
initial electronic state �denoted by �0� is constant among all
different starting points for the nuclei. The joint nuclear-
electronic probability density distribution for mean-field dy-
namics is then defined as

Aij
MF�R,P,t� 
 � dR0� dP0f�R0,P0���R�t;R0,P0,�0� − R�


��P�t;R0,P0,�0� − P��ij�t;R0,P0,�0� . �19�

Note that �i�dR�dPAii�R , P , t�=1 and Aij
MF has units of

1/action. Also, Aij
MF�R , P ,0�= f�R , P��ij�0�.

The meaning of Eq. �19� is as follows: given the initial
distribution at time t=0 in phase space, f�R0 , P0�, and the
initial electronic state, �0, we run individual Ehrenfest tra-
jectories on all points for which f�R0 , P0��0. At time t, we
pause and search for all trajectories that have evolved to the
classical coordinates �R , P�. Although multiple trajectories
may have evolved in such a way, consider first the case when
only one trajectory reaches �R , P�. Denote the original posi-

tion of the particle at t=0 by �R̃0 , P̃0� and the electronic
density matrix at time t by �̃�t�. In this case, if we change
the coordinates inside the arguments of the delta functions in
Eq. �19�, we find

Aij
MF�R,P,t� =

f�R̃0, P̃0��̃�t�

�det�W�R̃0, P̃0,t���
,

�20�

W�t� =�
�R�t�
�R0

�R�t�
�P0

�P�t�
�R0

�P�t�
�P0

� .

Here, W�t� is the standard monodromy matrix from classical
mechanics.

Next, in the case that multiple trajectories evolve to
�R , P� at time t, denote the original positions of the particles

at time t=0 by �R̃0
k , P̃0

k� and their electronic density matrices
at time t by �̃k�t�. In this case, according to Eq. �19�, we find

TABLE I. One new result in this paper is Eq. �30�, which is an equation of
motion for the joint electronic-nuclear probability density over all phase
space when individual particles are moving according to Ehrenfest dynamics
�under the unique preimage assumption�. There is a natural correspondence
between this equation and the Fokker–Planck equation. Ideally, nonadiabatic
quantum dynamics would be most easily described by propagating local
coordinates corresponding to partial Wigner transform dynamics: this can
also be done, albeit within certain approximations �e.g., see Refs. 20, 21,
and 37 and citations therein�.

Nuclear
only

Joint
nuclear-electronic

Joint
nuclear-electronic

Probability
Density

Fokker–Planck
f�R , P , t�

Ehrenfest
Aij

MF�R , P , t�
�Eq. �30��

Partial Wigner
Aij

W�R , P , t�
�Eq. �18��

Local
Coordinates

Langevin
R�t� , P�t�

Ehrenfest
��t� ,R�t� , P�t�
�Eqs. �9�–�11��

“Partial Wigner
Surface Hopping”
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Aij
MF�R,P,t� = �

k

f�R̃0
k, P̃0

k��̃k�t�

�det�W�R̃0
k, P̃0

k,t���
. �21�

This completes our prescription for constructing
AMF�R , P , t�.

Unfortunately, as written in Eq. �21�, an equation of mo-
tion does not exist for Aij

MF�R , P , t�, in general. The problem
is that, according to Eq. �21�, knowledge of Aij

MF�R , P , t� for
all �R , P� does not imply complete information about all in-
dividual trajectories. In particular, when two trajectories
reach the same classical coordinates �R , P� at time t, the
trajectory information is averaged to yield Aij

MF�R , P , t�. For
this reason, knowledge of Aij

MF�R , P� at time t is not enough
to predict the probability distribution at time t+t. This in-
ability to define an equation of motion for the probability
distribution can be considered a deficiency of our Ehrenfest
approach. After all, an equation of motion for the true joint
nuclear-electronic probability does exist within the rigorous
framework of a partial Wigner transform.

Notwithstanding this formal difficulty, when the swarm
of trajectories happens to evolve such that no two trajectories
ever reach the same classical coordinates �R , P� at time t,
then there is an equation of motion for Aij

MF. In this case, Eq.
�20� is always applicable, and the swarm of particles evolves
much like a classical fluid undergoing Hamiltonian dynam-
ics, only with the extra complication that nuclear motion
remains coupled to the electronic state of the system. For the
remainder of this paper, we will always invoke this unique
preimage assumption: we assume that at time t, the phase
space point �R , P� has exactly one preimage from the swarm
of trajectories at time t=0. If every trajectory begins in the
same initial electronic state at time t=0, this assumption
must be valid for short times. In general, we expect this
approximation to fail at long times; at such times, we also
expect that standard Ehrenfest dynamics will be inaccurate.

In order to derive an equation of motion, let us define at
time t,

f�R,P,t� 
 Tr�A�R,P,t�� , �22�

��R,P,t� 
 AMF�R,P,t�/f�R,P,t� , �23�

so that Aij
MF�R , P , t�= f�R , P , t��ij�R , P , t�. If we now invoke

the unique preimage assumption, it follows that ��R , P , t� is
the electronic density matrix associated with the nucleus at
position �R , P� and � evolves according to Eq. �9�.

We now have all of the necessary tools to derive an
equation of motion. If we take the partial derivative of
Aij

MF�R , P , t�= f�R , P , t��ij�R , P , t� with respect to time, we
find

�Aij
MF�R,P,t�

�t
=

� f�R,P,t�
�t

�ij�R,P,t� + f�R,P,t�
��ij�R,P,t�

�t
.

�24�

The term ��ij�R , P , t� /�t in Eq. �24� may be evaluated using
the identity

d�ij�R,P,t�
dt

=
��ij�R,P,t�

�t
+

��ij�R,P,t�
�R

Ṙ +
��ij�R,P,t�

�P
Ṗ ,

�25�

together with the equations of motion for d�ij /dt, Ṙ, and Ṗ
�Eqs. �9�–�11��, leading to

��ij�R,P,t�
�t

= −
i

�
�

k

�Hik
el�kj − �ikHkj

el�

−
P

M
�

k

�dik�R��kj − �ikdkj�R��

−
��ij�R,P,t�

�R

P

M

+
��ij�R,P,t�

�P ��
kl

Fkl�R��lk�R,P,t�	 . �26�

Furthermore, the term �f�R , P , t� /�t in Eq. �24� may be
evaluated using the continuity equation for the density of the
classical nucleus,

� f�R,P,t�
�t

= −
�

�R
�f�R,P,t�Ṙ� −

�

�P
�f�R,P,t�Ṗ� �27�

=−
� f�R,P,t�

�R
Ṙ −

� f�R,P,t�
�P

Ṗ − f�R,P,t�
� Ṗ

�P
�28�

=−
� f�R,P,t�

�R

P

M
+

� f�R,P,t�
�P ��

ij

Fij� ji	
+ f�R,P,t���

kl

��kl�t�
�P

Flk�R�	 . �29�

Altogether, using AMF= f� and Eqs. �24�, �25�, and �29�, we
find that the equation of motion for the probability density
Aij

MF�R , P , t� is

�

�t
Aij

MF�R,P,t� = −
i

���k

Hik
el�R�Akj

MF�t� − Aik
MF�t�Hkj

el�R�	
−

P

M
�

k

�dik�R�Akj
MF�t� − Aik

MF�t�dkj�R��

−
P

M

�Aij
MF�t�
�R

+ ��
kl

�kl�t�Flk�R�	�Aij
MF�t�
�P

+ ��
kl

��kl�t�
�P

Flk�R�	Aij
MF�t� . �30�

Equation �30� is the formal equation of the motion for
the mean-field probability density. As emphasized above, the
matrix �kl�t� that appears on the right hand side must be
understood as the unique electronic density matrix corre-
sponding to point �R , P� under the unique preimage assump-
tion. Note the similarities between Eqs. �30� and �18�; this
will be explored in Sec. IV.

Before completing this section, we mention that the last
term in Eq. �28� is equal to zero for standard Hamiltonian
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dynamics, where Ṗ depends only on the position,

Ṗ=−V��R�. For Ehrenfest dynamics, however, this is not so.

According to Eq. �11�, Ṗ depends on �, which, in turn, de-
pends on P, so this term is not zero �which leads to the final
term in Eq. �29��. We must conclude therefore that, accord-
ing to Eq. �28�, during Ehrenfest dynamics—and unlike
Hamiltonian dynamics—the probability density for a nucleus
can change along a trajectory,

df�R,P,t�
dt

=
� f�R,P,t�

�t
+

� f�R,P,t�
�R

Ṙ +
� f�R,P,t�

�P
Ṗ �31�

=− f�R,P,t�
� Ṗ

�P
�32�

= f�R,P,t���
kl

��kl�t�
�P

Flk�R�	 . �33�

This implies that, in general, �det�W���1 in Eq. �20�.

B. Computing the partial derivatives �Aij /�P, �Aij /�R

In Sec. IV, we will exploit the similarities between Eqs.
�18� and �30�. Before doing so, however, we now show how
the matrix elements �Aij /�P and �Aij /�R may be computed
along an Ehrenfest trajectory during a practical calculation.
These mixed nuclear-electronic derivatives give information
about the relative shift in positions between nuclear wave
packets on different potential energy surfaces �see Fig. 1�.

Recall that, under the unique preimage assumption, we
may write

Aij
MF�R,P,t� = f�R,P,t��ij�R,P,t� , �34�

where �ij�R , P , t� evolves according to Eq. �9� and f�R , P , t�
satisfies the continuity equation �Eq. �27��. Taking partial
derivatives of both sides, it follows that

�Aij
MF�R,P,t�

�R
=

� f�R,P,t�
�R

�ij�R,P,t� + f�R,P,t�
��ij�R,P,t�

�R
,

�35�

�Aij
MF�R,P,t�

�P
=

� f�R,P,t�
�P

�ij�R,P,t� + f�R,P,t�
��ij�R,P,t�

�P
.

�36�

By treating the nucleus classically, we may safely as-
sume that, at time t=0, the particle sits at the center of a
distribution in phase space, much like the center of a Gauss-
ian,

� f�R,P,0�
�R

=
� f�R,P,0�

�P
= 0. �37�

In theory, we could propagate the derivatives �f /�R and
�f /�P using Eq. �33� and the identities

d

dt

� f

�R
=

�

�R

df

dt
−

� f

�P

� Ṗ

�R
, �38�

d

dt

� f

�P
=

�

�P

df

dt
−

1

M

� f

�R
. �39�

As a practical matter, however, we will show that such de-
rivatives of f are usually unnecessary.

According to Eqs. �35� and �36�, it remains only to cal-
culate the derivatives ��ij /�R and ��ij /�P. This is done in
Appendix B. For maximum generality, we report the results
for arbitrarily many nuclear coordinates. Recall that nuclear
coordinates are denoted by superscript Greek indices, and
electronic coordinates are denoted by subscript Roman indi-
ces,

d

dt

��rs

�R� = −
i

�
�

k
�Hrk�R�

��ks

�R� −
��rk

�R� Hks�R�	
−

i

�
�

k

�Frk
� �R��ks − �rkFks

� �R��

− �
�k

P�

M
�drk

� �R�
��ks

�R� −
��rk

�R� dks
� �R�	

− �
�k

P�

M
� �drk

� �R�
�R� �ks − �rk

�dks
� �R�

�R� 	
+ �

�kl

��rs

�P�

��kl

�R� Flk
� �R� + �

�kl

��rs

�P� �kl

�Flk
�

�R� �R� ,

�40�
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FIG. 1. The relative positions of nuclear wave packets on different potential
energy surface are partially described by the mixed nuclear-electronic de-
rivatives, �Aij /�P and �Aij /�R. Here, we plot in blue a nuclear wave packet
on the ground state. The corresponding wave packet on the excited state is
drawn red: the line is dashed if the wave packets are vertically aligned and
full if there is a displacement between the two �the latter sometimes leading
to decoherence�. Standard Ehrenfest dynamics carries no information about
this shift in the nuclear position with respect to the electronic state—it
quantifies only the relative populations on the different potential energy
surfaces.
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d

dt

��rs

�P� = −
i

�
�

k
�Hrk�R�

��ks

�P� −
��rk

�P� Hks�R�	
− �

�k

P�

M
�drk

� �R�
��ks

�P� −
��rk

�P� dks
� �R�	

−
1

M
�

k

�drk
� �R��ks − �rkdks

� �R�� −
1

M

��rs

�R�

+ �
�kl

��rs

�P�

��kl

�P� Flk
� �R� . �41�

Armed with Eqs. �35�, �36�, �40�, and �41�, we have
provided a complete description for calculating approxi-
mately the instantaneous equation of motion for the mean-
field probability density �Eq. �30�� along a propagated Ehren-
fest trajectory. In Sec. IV, we show how this formalism may
be applied to understand decoherence and the failures of
standard Ehrenfest dynamics.

IV. THEORY: NONADIABATIC MEAN-FIELD
DYNAMICS WITH STOCHASTIC DECOHERENCE

A. Combining the mean-field and partial Wigner
descriptions

Suppose that at time t the mean-field and partial Wigner
transform probability densities agree AMF�R , P , t�
=AW�R , P , t� everywhere in phase space. Comparing Eqs.
�18� and �30�, the straightforward conclusion is that, at posi-
tion �R , P� in phase space, the ijth element of the two prob-
ability densities are diverging at the �complex� rate

�ij = �
kl

�Fkl�R��lk�
�Aij

�P
+ �

kl
�Fkl�R�

��lk

�P
	Aij

−
1

2�
k
�Fik�R�

�Akj

�P
+

�Aik

�P
Fkj�R�	 . �42�

Thus, calculating Eq. �42� is a means to check the accuracy
of standard Ehrenfest dynamics along a single trajectory.

As mentioned in Sec. II, many physical effects lead to
the difference in time propagation between Ehrenfest and
partial Wigner transform dynamics, as encapsulated by �ij.
The most importance difference is that partial Wigner trans-
form dynamics allow for nuclear wave packets on different
adiabatic surfaces to feel different forces and separate, while
Ehrenfest dynamics do not. Beyond separation on different
adiabatic states, the MF wave packet and the nuclear wave
packet on electronic state i should also move apart in space.
All of these effects are encapsulated in the rate �ij. Math-
ematically, as t→�, we expect that �Aii

MF�R , P , t�
−Aii

W�R , P , t��→0 and �Aij
W�→0 �i� j� even though Aij

MF does
not usually converge to 0. For these reasons, Schwartz and
co-workers13,14 predicted that Ehrenfest dynamics could be
corrected by introducing stochastic decoherence events. We
will presently explore how we may extract a rate for such
decoherence from Eqs. �18�, �30�, and �42�.

B. A rate for decoherence

As recognized by all nonadiabatic surface-hopping algo-
rithms, the rate of decoherence and collapse to a specific
electronic state ��k� �denoted by �k� should be proportional
to �i� the instantaneous electronic population on state k, �kk,
and �ii� the simulation time step, dt. Thus, we can always
write

�k =
�kk

�
dt . �43�

The essential piece of any surface-hopping or stochastic
mean-field algorithm is choosing 1 /�, the rate of decoher-
ence. �Note that, for the Schwartz algorithm, there is no
unique 1 /�, but rather a set of 1 /�k�, one for each state k.� In
order to derive an approximate 1 /�, we will take two differ-
ent intuitive approaches starting with Eqs. �18� and �30� and
show that they yield very similar final answers �Eqs. �46� and
�52��. Afterward, we will show that Eq. �52� can also be
derived independently using a frozen Gaussian interpretation
of Ehrenfest dynamics. In Sec. VI, we will demonstrate that
our computed decoherence rate performs well for the Tully
model problems.

1. Heuristic approach: � as a “decoherence operator”

If we view Eq. �42� as arising primarily from the failure
of the Ehrenfest dynamics to allow decoherence, then the
most simple expression for a decoherence rate would be to
treat the matrix � in Eq. �42� as an operator and take its
expectation value. Using the unique preimage assumption,
we may write Aij = f�ij and then evaluate the decoherence
rate �1 /�d� as the expectation value with respect to �,

1

�d
� �Tr����� = ��

kl

�kl�lk� . �44�

Plugging into Eq. �42� and using the fact that the density
matrix is pure until decoherence ��2=��, we find that the
expression simplifies greatly, eliminating any dependence on
the factor �f /�P, leaving

1

�d
�

f

2��ij Fij
�� ji

�P � . �45�

In order for �d to have the correct units �of time�, Eq.
�45� must divided by the density of the particle swarm in
phase space. The obvious choice is f , leading us to

1

�d
�

1

2��ij Fij
�� ji

�P � . �46�

Equation �46� represents our first and most naive approach
for computing a decoherence rate. We can do better.

2. A decoherence rate as a depurification

A similar, but more refined, expression for the decoher-
ence rate at time t can be constructed by considering the
purity of the instantaneous density matrix �which exists un-
der the unique preimage assumption�,
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Y = Tr�� − �2� = �
i

�ii − �
ij

�ij� ji = 1 − �
ij

�ij� ji. �47�

When Y =0, we are in a pure state, and when Y =1 /2, we are
in a completely mixed state.

Let us assume that the Ehrenfest and partial Wigner
probability densities are instantaneously equal at time t, and
we write Aij

W=Aij
MF= f�ij. Let us further assume that we are

near the center of a nuclear wave packet where �f /�R
=�f /�P=0, and that the dynamics in phase space will be
incompressible so that �f /�t=0. If we now follow partial
Wigner dynamics, we find

f
�

�t
�ij�R,P,t� =

− if

� ��
k

Hik
el�R��kj − �ikHkj

el�R�	
− �

k

fP

M
�dik�R��kj − �ikdkj�R�� −

fP

M

��ij

�R

+
f

2�
k
�Fik�R�

��kj

�P
+

��ik

�P
Fkj�R�	 . �48�

Defining the decoherence rate �1 /�d� as the rate at which
� loses its purity, we find that many terms in Eq. �48� cancel
or have zero contribution, and there is a simple expression

1/�d =
�

�t
Y �49�

=− 2�
ij
� �

�t
�ij	� ji �50�

=− �
ij

Fij
�� ji

�P
. �51�

Equation �51� is very similar to Eq. �46�, only now with-
out absolute value signs and a factor of 2. The absence of
absolute value signs in Eq. �51� reflects the fact that the
density matrix can instantaneously increase or decrease its
purity. Because decoherence is the rate of depurification, we
want only the positive piece of Eq. �51�. Thus, from this
perspective, the optimal choice of the decoherence rate is

1

�d
= max�0,− �

ij

Fij
�� ji

�P 	 , �52�

which can be extended to the case of many nuclear degrees
of freedom as

1

�d
= max�0,− �

ij�

Fij
� �� ji

�P�	 . �53�

3. A frozen Gaussian interpretation

A frozen Gaussian38 interpretation of Ehrenfest dynam-
ics confirms our intuitive derivation of Eq. �52� above. Con-
sider a set of normalized Gaussian wave packets with centers
Ri�t� in real space and Pi�t� in momentum space, and widths
aR and aP=� /aR,

gi�R� 
 �R�gi�Ri,Pi�� 
 � 1

	aR
2 	1/4

exp�− �R − Ri�t��2

2aR
2 	


exp� i

�
Pi�t��R − Ri�t��	 , �54�

gi�P� 
 �P�gi�Ri,Pi�� 
 � 1

	aP
2 	1/4

exp�− �P − Pi�t��2

2aP
2 	


exp�−
i

�
PRi�t�	 . �55�

The overlap between a pair of such Gaussian wave packets is
exactly39,40

�gi�gj� = exp� − 1

4aR
2 �Ri�t� − Rj�t��2	exp� − 1

4aP
2 �Pi�t� − Pj�t��2	


exp� i

2�
�Ri�t� − Rj�t���Pi�t� + Pj�t��	 . �56�

As noted many times before �e.g., Ref. 38�, the centers
of frozen Gaussian wave packets move according to classical
mechanics for short times

Ri�t� = Ri�0� +
Pi�0�

M
t , �57�

Pi�t� = Pi�0� − Fi�0�t , �58�

where, as usual, we have defined F as the negative of the
conventional force in Eq. �58�. To first order in time t, ac-
cording to Eqs. �56�–�58�, we find

��gi�gj�� = exp� − 1

2MaR
2 �Ri�0� − Rj�0���Pi�0� − Pj�0��t	


 exp� 1

2aP
2 �Pi�0� − Pj�0���Fi�0� − Fj�0��t	 .

Thus, ignoring phase, we find that the frozen Gaussian
wave packets move apart instantaneously at the rate

1

�̃d

=
�Ri�0� − Rj�0���Pi�0� − Pj�0��

2MaR
2

−
�Pi�0� − Pj�0���Fi�0� − Fj�0��

2aP
2 . �59�

Moreover, if gi has probability �ci�2 to be occupied and gj has
probability �cj�2 to be occupied, then the probability to find
two particles at the same point in phase space is decreasing
roughly at the rate

1

�d
= �ci�2�cj�2� �Ri�0� − Rj�0���Pi�0� − Pj�0��

MaR
2

−
�Pi�0� − Pj�0���Fi�0� − Fj�0��

aP
2 	 . �60�

Let us now interpret an Ehrenfest wave packet with clas-

sical coordinates R̄ and P̄ as being the coherent sum of two
Gaussian wave packets, g1 and g2, on electronic surfaces
�1�R� and �2�R�, with coefficients c1 and c2,
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�Ehrenfest�r,R� = c1�1�r;R�g1�R� + c2�2�r;R�g2�R� .

�61�

We will assume that R̄ and P̄ are the mean wave packet
centers

R̄ = �c1�2R1 + �c2�2R2, �62�

P̄ = �c1�2P1 + �c2�2P2 �63�

�see Fig. 2�. We define R=R2−R1 and P= P2− P1.
With this interpretation, the dimensionless � matrix in

Ehrenfest dynamics is

� = �	aR
2��c1�2�g1�2 c1c2

�g1g2
�

c2c1
�g2g1

� �c2�2�g2�2
	 , �64�

which is normalized so that �11+�22�1, assuming that P
�aP and R�aR. It follows that

� ��11

�P
�

P=P̄

= �c1�2� ��exp�− �P − P1�2

aP
2 		

�P
�

P=P̄

= − 2�c1�2
�P̄ − P1�

aP
2 exp�− �P̄ − P1�2

aP
2 	 �65�

�− 2�c1�2�c2�2
�P2 − P1�

aP
2

= − 2�c1�2�c2�2
P

aP
2

� − � ��22

�P
�

P=P̄

. �66�

The equivalent expression for real space is also true

� ��11

�R
�

R=R̄

� − 2�c1�2�c2�2
R

aR
2

= − 2�c1�2�c2�2
RaP

2

�2

� −� ��22

�R
�

R=R̄

. �67�

Using the analysis above, our final result is that the sec-
ond term in Eq. �60� matches our earlier expressions for a
decoherence rate �up to a factor of 1/2�

1

�d
�Term 2� = −

�P2 − P1��F2�0� − F1�0��
aP

2 �c1�2�c2�2 �68�

�−
1

2
�F11

��11

�P
+ F22

��22

�P
	 �69�

�−
1

2�
ij

Fij
�� ji

�P
. �70�

Unfortunately, unlike the second term, the first term in
Eq. �60� cannot be expressed using the dynamic variables
�� /�P and �� /�R. Effectively, our scheme propagates two
variables that are related to the decoherence of the Ehrenfest
wave packet. At the same time, however, there are three un-
known variables: R, P, and aR, and no combination of Eq.
�66� or Eq. �67� leads to the product expression RP /aR

2 in
Eq. �60�. The best we can do is assume that the frozen
Gaussian wave packets are moving away from each other
with the same speed in both momentum and real space. Thus,
we are led to double the decoherence rate in Eq. �52�,

1

�d
� − �

ij

Fij
�� ji

�P
. �71�

The physical meaning of the decoherence rate in Eq.
�71� is as follows: when Tr�−F · ��� /�P�� is positive, the
wave packet with the more positive momentum is experienc-
ing a more positive force than the wave packet with the less
positive momentum. Thus, a positive value means that the
Gaussian wave packets are moving apart and a negative
value indicates that the wave packets are moving together.
For this reason, we take only the positive piece of Eq. �71� in
Eq. �52�.

4. An empirical correction to ensure decoherence

Although we would like to choose 1 /�d shown above as
our exact decoherence rate, empirically we have found that
our results are enhanced by inserting a correction to the ex-
pression for �d above. In order to ensure that decoherence is
total and irreversible, and that the wave packets separate be-
fore �dt /�d�t�=1, we will adjust the probability for a deco-
herence event in a time interval dt �per unit population� to be

∆P= P2-P1

aP

P

g2g1

P2P1

Momentum (P)

FIG. 2. According to our interpretation of augmented Ehrenfest dynamics,
the “Ehrenfest wave function” represents two frozen Gaussians g1 and g2,
with different centers R1 , P1 and R2 , P2 in phase space. The Ehrenfest vari-

ables, R̄ and P̄, satisfy R̄= �c1�2R1+ �c2�2R2 and P̄= �c1�2P1+ �c2�2P2, where
�c1�2 , �c2�2 are the probabilistic weights of the different frozen Gaussians. The
decoherence captured by Eqs. �52� and �71� represents the rate at which
these wave packets move apart. In this figure, we plot the shift in momen-
tum space only.
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1

��t�
=

1

�d�t�
1

1 − S�t�
, S�t� = �

t�

t dt�

�d�t��
, �72�

where t� is either the infinite past or the time of the last
decoherence event. Physically, this adjustment means that
t /� is roughly the fraction of the initial wave packet norm
�at t=0� that decoheres in the window t; t /� is not
the fraction of the instantaneous wave packet norm �at time
t�0� that decoheres in this window �see Eq. �33��.

In Sec. VI, for the set of Tully model problems, we
present numerical data using 1 /� as defined in Eq. �72� and
show that it performs quite well. We will calculate 1 /�d ac-
cording to Eq. �71� or Eq. �70� in order to show the impor-
tance of the extra factor of 2 discussed above.

C. Energy conservation and a novel treatment of
forbidden hops

Energy conservation is the final, necessary ingredient for
a nonadiabatic dynamics algorithm. In general, the details of
how energy is conserved are somewhat ad hoc for any mixed
quantum-classical algorithm, although there appears to be
general agreement that the velocity in the direction of the
instantaneous nonadiabatic derivative coupling vector is cru-
cial. For the numerical results presented below, we have
implemented a slightly unorthodox treatment to ensure en-
ergy conservation that is not always local in position space
but that usually avoids “forbidden” hops. We describe this
now.

Suppose that the classical particle is at position R with
an average electronic potential �Hel�R��, and we want to de-
cohere into electronic state k. Let Pna be the momentum in
the direction of the instantaneous nonadiabatic derivative
coupling, v�na=d�12 / �d�12�. Following the usual surface-hopping
formalism we would like to conserve energy during a deco-
herence event by rescaling Pna,

�Pna�2

2M
+ �Hel�R�� =

�Pna
rescale�2

2M
+ Hkk

el �R� , �73�

As usual, however, two distinct cases present themselves.
On the one hand, there are so-called “allowed” collapses,

where �Pna�2 /2M �Hkk
el �R�− �Hel�R��. This is always true, for

instance, when the state k is the ground state. In this case, we
follow convention and rescale Pna during the collapse event.

On the other hand, when k is an excited state, there are
also so-called forbidden collapses, where �Pna�2 /2M
�Hkk

el �R�− �Hel�R��. In this case, we do not follow the usual
convention. In general, because such a collapse at point R is
not energetically possible, the usual prescription is to ignore
such a decoherence event. In our algorithm, we will ignore
such an event only when the excited state k has never been
energetically accessible.

More generally, instead of ignoring the collapse, we
have chosen to �i� reverse the dynamical Ehrenfest trajectory
in time, moving �R , P� backward to the last point in phase
space where electronic state k was energetically accessible,
and then �ii� collapse the wave function at that new point
with the momentum correctly rescaled to conserve energy
�see Fig. 3�. In this sense, we do not ignore forbidden hops.

We will show in Sec. VI that this nonlocal treatment of for-
bidden hops is a key ingredient for solving the third Tully
model problem correctly. A similar scheme can also be found
in Ref. 9.

Finally, as a matter of computational efficiency, note that
one does not ever need to run Ehrenfest dynamics backward
in time for an actual calculation. An equivalent technique is
to calculate the rescaled momenta at every point along a
trajectory and save this information in memory. Then, on the
chance that a forbidden hop may occur in the future, one
already knows the correct coordinates for the decoherence
event and one never needs to go backward. We have imple-
mented this latter trick for our numerical examples below.

V. STEP-BY-STEP ALGORITHMIC OUTLINE

For completeness, we now give a step-by-step outline of
the algorithm above for performing nonadiabatic dynamics.

�1� Initialize the mixed quantum-classical trajectory by fix-
ing the initial classical coordinates �R0 , P0� and elec-
tronic density matrix �0 at time t=0. To simulate a
classical nucleus at time t=0 with a well-defined elec-
tronic state, set also ��ij�R0 , P0 ,0� /�R
=��ij�R0 , P0 ,0� /�P=0. Set Rsave and Psave to NULL,
and set S�0�=0. �S is defined in Eq. �72�.�

�2� Between time t and t+dt, propagate �, R, P, �� /�R,
and �� /�P according to Eqs. �9�–�11�, �40�, and �41�,
respectively. For the numerical examples below, we
have performed this integration with fourth-order
Runge–Kutta.

�3� Set t= t+dt and evaluate the rate 1 /�d�t� in Eq. �52�.
�4� Update S�t�=S�t−dt�+dt /�d�t�. Calculate 1 /��t� ac-

cording to Eq. �72�. Compute the decoherence prob-
abilities �1 and �2 �Eq. �43��.

�5� Check whether the upper state is energetically acces-
sible according to Eq. �73�.

“Forbidden”

Collapse

EventParticle

Reappears

Region Where Collapses

to Upper State Allowed

Region Where Collapses

to Upper State Forbidden

Trajectory

Begins

FIG. 3. An energy diagram showing how forbidden hops are avoided. Here,
the ground state energy is colored blue, the first excited state energy is
colored red, and the mean-field energy is a dotted black line. The total
energy of the system is the solid black line at E=1.3. In this case, an
Ehrenfest trajectory begins in the ground state at R=1.2 with positive mo-
mentum and, as the particle moves forward, it quickly begins to experience
a mixed, mean-field force. At position R=5.3, the upper state becomes en-
ergetically inaccessible. At position R=7.5, as the particle continues on a
mean-field surface, a collapsing event occurs. If the collapse is to the upper
state, the particle reappears at position R=5.3 in the upper state with a new
momentum that has been rescaled to ensure energy conservation.
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�a� If the upper state is not accessible, continue to
step �6�.

�b� If the upper state is accessible, construct the
scaled momentum that satisfies Eq. �73�. Save the
current position Rsave=R and the scaled momen-
tum Psave= Prescale in memory.

�6� Use a random number generator to construct a random
number �� �0,1�.

�7� If ��dt /�, there is no stochastic decoherence event.
Return to step �2�.

�a� If ���00dt /�, there is a stochastic decoherence
event to the ground state. This is always energeti-
cally allowed. Proceed to step �8�.

�b� If dt /�����00dt /�, there is a stochastic deco-
herence event to the excited state. Calculate ac-
cording Eq. �73� whether this decoherence event
is energetically allowed or not.

�i� If accessible, proceed to step �8�.
�ii� If not accessible and Rsave and Psave are not

initialized, the step is forbidden. Return to
step �2�.

�iii� If not accessible and Rsave and Psave are ini-
tialized, proceed to step �9�.

�8� The energetically allowed decoherence event is chosen
to be vertical in position space.

�a� R is unchanged.
�b� P is rescaled according to Eq. �73� to conserve

energy.
�c� Go to step �10�.

�9� The energetically forbidden decoherence event is al-
lowed only when diagonal in position space. Thus,
move the particle “backward in time” by recalling the
saved coordinates.

�a� Set R=Rsave and P= Psave.
�b� Go to step �10�.

�10� Set � to equal either � 1 0
0 0

� or � 0 0
0 1

�, as if the electronic
state had been measured.
Set also �� /�R=�� /�P= � 0 0

0 0
� and S�t�=0.

�11� Return to step �2�.

VI. CHEMICAL EXAMPLES: THE THREE TULLY
PROBLEMS

In order to test the nonadiabatic algorithm above, we
present numerical data for the three model problems sug-
gested by Tully in his seminal paper from 1990 on FSSH.5

All three problems have one nuclear dimension and two elec-
tronic states. One imagines that a particle is incoming on the
lower electronic state and one seeks to calculate, for each
outgoing channel, the probability that the particle exits into
that channel �i.e., the branching ratios�. These model prob-
lems will serve as strong tests of our decoherence algorithm
because the mean-field approximation does not provide ac-
curate solutions here and it fails qualitatively for the third

problem. One criterion for assessing the quality of our algo-
rithm will be whether or not we find electronic density in
closed channels, which is one of the major flaws of standard
Ehrenfest dynamics.

In Secs. VIA–VIC, we compare our results using Eqs.
�52� and �72� versus results from Tully’s FSSH algorithm
and also versus exact quantum mechanical scattering results.
Note that we have calculated the “exact” quantum mechani-
cal results using a very crude grid-based approach, as de-
scribed in Appendix A, and we estimate that our exact
branching ratios are correct to within 1% or so. For com-
pleteness, we also provide results using only Ehrenfest dy-
namics in all data plots. In order to investigate the effect of
the extra factor of 2 discussed above, we give results for �d

using either Eq. �71� or Eq. �70�.
All semiclassical calculations started with the particle at

position x=−20 and used a time step dt=0.3 a.u. for dy-
namical propagation. Trajectories were stopped when the
particle reached x= �25. We ignored all trajectories that re-
quired more than 500 000 times steps, which was always less
than 0.5% of the total.

A. Simple avoided crossing

The first model problem is a simple avoided crossing
algorithm, where the diabatic curves are

V11�x� = � A�1 − e−Bx� , x � 0

− A�1 − eBx� , x � 0,
� �74�

V22�x� = − V11�x� , �75�

V12�x� = V21�x� = Ce−Dx2
, �76�

Here, A=0.01, B=1.6, C=0.005, and D=1.0, and the adia-
batic curves are plotted in Fig. 4�a�. According to energy
conservation, after starting on the lower surface, the particle
needs an initial k-vector satisfying k�8.94 a.u. in order to
end up on the upper surface. In Figs. 5�a�–5�c�, we plot the
branching ratios for three of the four outgoing channels as a
function of incoming k-vector. The fourth channel �reflection
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FIG. 4. The potential energy surfaces corresponding to the three Tully
model problems: �a� a single avoided crossing �Eqs. �74�–�76��, �b� a dual
avoided crossing �Eqs. �77�–�79��, and �c� an extended crossing �Eqs.
�80�–�82��.
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on the upper surface� is not shown: the exact quantum results
predict zero population in this channel, and our algorithm
predicts a maximum population under 0.4%.

In the high energy regime, i.e., above k�8.94, all chan-
nels are open and, as noted by Tully,5 FSSH and standard
Ehrenfest both yield good branching ratios. Our algorithm
also does well in this energy range. In Fig. 5�d�, as a function
of the incoming k-vector, we plot the average number of
decoherence events undergone by one of our algorithm’s tra-
jectories. For k=9, the average is 0.15 for Eq. �72� and the
average number of decoherence events decreases as k in-
creases. Decreasing 1 /�d by a factor of 1/2 does not have any
meaningful effect. Thus, our algorithm finds the correct
branching ratios for k�8.94 because �i� it correctly recog-
nizes that decoherence is not necessary and �ii� Ehrenfest
does well.

In the low energy regime, below k�8.9 a.u., two inter-
esting quantum mechanical features are apparent �in addition
to tunneling through the barrier, which we ignore�. First, the
upper channel is closed, which leads to a kink in the trans-
mission curves. This kink is stronger and more accurate us-
ing FSSH rather than our algorithm. Second, there is a small
peak in the branching ratio for reflection on the lower sur-
face. According to the FSSH formalism, this peak is caused
by a particle that gets trapped in the interaction region and
then is scattered backward. Like FSSH, we find a small peak
in reflection near k=8 a.u.; according to our exact results,
FSSH overestimates the height of the peak while our results
underestimate the height. Interestingly, according to Fig.
5�d�, trajectories at k=7, 8, or 9 undergo 0.39, 0.58, or 0.15
collapsing events using our suggested decoherence rate �Eq.
�52��. Thus, the basic collapsing criterion, Tr�F · ��� /�P��,
does seem to recognize when Ehrenfest dynamics is failing.

Note that this peak in the number of collapsing event is
missing when we decrease the rate 1 /�d by a factor of 1/2.

Despite these positive features, our algorithm �using Eq.
�72�� does predict a nonzero amount �as high as 8%� of trans-
mission into the upper state below 8.9 a.u. when the channel
is rigorously closed. Thus, our branching ratios are not exact
near this energy threshold. On a positive note, decoherence
using Eq. �72� does give a correction to Ehrenfest dynamics
�which predicts up to 11% population in closed channels�.
Overall, results from this model problem are encouraging
qualitatively, and partially quantitatively.

B. Dual avoided crossing

The second model problem proposed by Tully is more
difficult, a dual avoided crossing. The diabatic curves are
defined by

V11�x� = 0, �77�

V22�x� = − Ae−Bx2
+ E , �78�

V12�x� = V21�x� = Ce−Dx2
. �79�

Here, A=0.1, B=0.28, C=0.015, D=0.06, and E=0.05. The
adiabatic states are plotted in Fig. 4�b�. After starting on the
lower surface, the particle needs an initial k-vector satisfying
k�14.14 a.u. to finish on the upper state.

The dual avoided crossing potential presents a challenge
to our model because a particle in the potential will undergo
Stueckelberg oscillations, and these oscillations cannot be
fully described by any mean-field model. Moreover, because
these oscillations are coherences and we are examining a
nonadiabatic algorithm with the flavor of decoherence, cer-
tainly we cannot expect to capture the exact branching ratios.
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FIG. 5. Numerical results for the first Tully model problem with Hamiltonian in Eqs. �74�–�76�, a simple avoided crossing. Exact results are shown in black,
Ehrenfest in green, Tully’s FSSH in red. Our results using our suggested decoherence rate Eqs. �52� and �72� �“factor of 1”� are shown in blue and, for
comparison, the results using a decoherence rate twice as small, Eqs. �70� and �72� �“factor or 1/2”� are shown in magenta. In �a�–�c� we plot branching ratios.
In �d�, we plot the number of collapsing events as a function of the incoming k-value on the black axis: Eq. �52� is shown in blue and Eq. �70� is shown in
magenta. On the red axis, as a function of real-space position, we plot the instantaneous value of −�ijFij��� ji /�P�
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to the decoherence rate, for a standard Ehrenfest trajectory with an incoming k-value of 8.
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One key item to note about Fig. 6 is that Ehrenfest dy-
namics alone yields surprisingly accurate transmission and
reflection probabilities at relatively high energies �E
�25 a.u.�. At such energies, presumably, decoherence is not
very important and standard Ehrenfest dynamics is sufficient.
Encouragingly, as for the first Tully problem, according to
Fig. 6�d�, our algorithm correctly predicts that the decoher-
ence rate should be small for such large values of kinc. This
explains why our results match the exact results qualitatively.
Quantitatively, our branching ratios are never wrong by more
than 5% �over the whole range of k�. We note that FSSH is
correct to within 1% for the high energy range.

At low energies, the signature of quantum dynamics is a
shift in the location of the first transmission peak �on the
upper state� from k=17 a.u. �for the exact results� to k
=14 a.u. �for the Ehrenfest results�. In this energy regime,
Ehrenfest fails badly because the upper channel should be
closed at k=14 a.u. Hence, for this energy range, there is a
need for a reliable dynamics algorithm that goes beyond
mean field. Although we do not plot the data here, when we
replace Eq. �52� with twice Eq. �46�, our algorithm performs
very poorly in this energy regime, much worse than Ehren-
fest. Apparently, if we decohere at the absolute value rate
�Tr�F · ��� /�P���, we far overestimate any corrections to
Ehrenfest dynamics and, as a consequence, the oscillations in
the branching ratios are smeared away and our results be-
come worse. This numerical result fits well with our frozen
Gaussian interpretation of Ehrenfest dynamics: when
Tr�F · ��� /�P�� is positive, the wave packets are, in fact,
approaching each other and quantum coherences should not
be discarded.

From Fig. 6, we observe that our algorithm using Eqs.
�52� and �72� performs as well as FSSH in this low energy
case. Both algorithms shift the transmission peak over to a
higher k-vector �relative to pure Ehrenfest dynamics�, but
neither captures the exact overall shape of the true branching
ratios, each with their own failures. On the one hand, just
below k�14 a.u., our algorithm incorrectly predicts 2%

transmission into the upper state, while FSSH always ex-
cludes closed channels. We also predict a small amount of
population in the reflected upper channel
��0.3%�, which is forbidden as well �not shown�. On the
other hand, FSSH predicts 13% reflection into the lower
state, while our algorithm predicts a branching ratio of about
6.4%. The correct value is �1%. Finally, it is clear that
reducing 1 /�d has a marginal effect on our final branching
ratios, slightly worsening the transmission into the lower
state at low energies but ameliorating the reflection onto the
lower state.

Overall, this is a difficult test case for our algorithm,
where all quantum coherences must be captured by Ehrenfest
dynamics alone, and our correction can only address deco-
herences. Nevertheless, we find it encouraging that our re-
sults using Eqs. �52� and �72� resemble the exact results
qualitatively, and each of our branching ratios in Fig. 6 is
correct to within 5%.

C. Extended coupling with reflection

The third and final model problem suggested by Tully is
one with extended coupling. This problem exemplifies the
full strength of our algorithm because decoherence is abso-
lutely crucial.5,13,14

The model diabatic potentials here are

V11�x� = A , �80�

V22�x� = − A , �81�

V12�x� = V21�x� = �BeCx, x � 0

B�2 − e−Cx� , x � 0,
� �82�
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FIG. 6. The same as Fig. 5 only now for the Hamiltonian in Eqs. �77�–�79�, a dual avoided crossing. In �d�, the incoming k-value is now 15.
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where A=6
10−4, B=0.1, and C=0.9. The adiabatic curves
are shown in Fig. 4�c�.

The dynamics of a particle in this extended coupling
potential is as follows. By energy conservation, after starting
on the lower surface, a particle needs an initial k-vector sat-
isfying k�28.2 a.u. to be transmitted on the upper surface.
Immediately after the particle enters from the left, it feels the
derivative coupling and begins to take on electronic density
on the upper surface. As the particle approaches the origin,
the derivative coupling vanishes, the two adiabatic states
split in energy, and the particle must decide whether to trans-
mit or reflect, depending on the electronic state of the sys-
tem.

For the case that k�28, the particle is completely trans-
mitted and, according to Fig. 7, all of the algorithms agree on
the correct branching ratios. As was true for the previous
problems, even basic Ehrenfest dynamics is accurate in this
energy range because, given enough initial velocity, there is
little decoherence. Regardless of the electronic state of the
system, because the velocity of the particle is always positive
at high energies, the nuclear wave packet remain nearly con-
nected and can separate only slowly. Moreover, because the
derivative coupling has vanished by the time the particle
crosses the origin, the final branching ratios are already pre-
determined before the potential energy surfaces diverge.

By contrast, the situation when k�28 is very different.
In this case, one can find wildly different results depending
on the dynamics algorithm. First, standard Ehrenfest dynam-
ics yields completely incorrect results, predicting only trans-
mission and never reflection. Second, while FSSH predicts
the correct transmission/reflection ratio, one finds strong os-
cillations in the reflection amplitudes between the different
channels. Third, the Schwartz algorithm roughly infers the

correct branching ratios �not shown�, but with the proviso
that one must impose a final collapse at infinity and close the
upper channel artificially.

In contrast to other approaches, our algorithm using Eqs.
�52� and �72� captures the branching ratio nearly exactly here
and this example is the clearest demonstration possible of the
strengths of our decoherence algorithm based on Ehrenfest
dynamics. In order to understand why our algorithm gives
good branching ratios, consider Fig. 8�a�. Here, we see that,
for k�25, the average trajectory undergoes one full collaps-
ing event, but this number decreases as k increases. Thus, our
algorithm has seemingly taken into account the necessary
energy to climb up into the upper electronic state and has
correctly identified the threshold energy, below which deco-
herence must occur as one wave packet is transmitted and
another reflected.

The natural decoherence imparted by our algorithm is
most easily quantified by measuring the decoherence rates
for standard Ehrenfest trajectories. Thus, in Fig. 8�b�, we plot
�dt /�d�t� �using Eq. �52�� along unmolested Ehrenfest trajec-
tories. We do this for a series of increasing energy differ-
ences �B in Eq. �82��. While the integral �dt /�d�t� is a mea-
sure of the total probability of decohering away from the
mean field, we mark with an x the threshold k-vector �kthresh�,
which is necessary for the particle to be transmitted on the
upper state.

From the data in Fig. 8�b�, we see that when B�0.2, the
total probability for decoherence is bigger than 1 for k
�kthresh. For smaller displacements, B�0.2, the algorithm is
not perfect, but the probability for a decoherent collapse is
still close to 1 for k�kthresh and the mixing of states is also
small. We must, therefore, conclude that −Tr�F · ��� /�P��
provides a good measure of when to decohere, especially so
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134112-14 Joseph E. Subotnik J. Chem. Phys. 132, 134112 �2010�

Downloaded 08 Apr 2010 to 128.59.74.3. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



when the energy differences between electronic states grows
large. This is a very encouraging development.

Finally, observe that when the rate of decoherence is
decreased by a factor of 1/2, we can find very different and
incorrect branching ratios. This further justifies the extra fac-
tor of 2 discussed in Sec. IV B 3.

Before concluding, we note that this model problem is
the optimal example justifying why our algorithm cannot
ignore forbidden hops and why we have implemented the
nonlocal forbidden hop scheme as described in Sec. IV C.
For this model problem, if one runs standard Ehrenfest dy-
namics until the classical turning point Rc of the upper adia-
batic state �where V22�Rc�=E�, and then, at that unique point,
one enforces a decoherence event so that the single trajectory
collapses onto one of the two surfaces, one actually arrives at
the correct branching ratios �not shown�. Now, according to
our algorithm, all collapsing events are stochastic, and if our
algorithm requests a decoherence event at some position in
space, there is no guarantee that this is the optimal position
�which happens to exist only in this one-dimensional case�. It
would then be very arbitrary for us to either count or ignore
all probability density in the upper state depending on
whether we decohere just before or behind Rc.

VII. DISCUSSION AND SUMMARY

The principal results of this paper are �i� a computational
means to check the accuracy of Ehrenfest dynamics on the
fly and �ii� a new nonadiabatic dynamics algorithm that goes
beyond mean-field and performs well on the Tully model
problems. At bottom, we suggest running mean-field dynam-
ics subject to stochastic decoherence events at the rate

specified by Eqs. �52� and �72�. While this approach is very
similar in spirit to the approach in Refs. 13 and 14, we em-
phasize that, in contrast to the Schwartz algorithm, our
method has no adjustable parameters. Instead, in order to
calculate the decoherence rate, our algorithm propagates
more variables than the standard Ehrenfest routine. In par-
ticular, we propagate the mixed nuclear-electronic deriva-
tives ��� /�R and �� /�P� that hold crucial information about
nuclear-electronic correlation.

The decoherence rate underlying our algorithm �Eq.
�52�� has been derived in two different ways: �i� by compar-
ing the equation of motion in mixed nuclear-electronic phase
space for Ehrenfest dynamics versus partial Wigner trans-
form dynamics20,21 and �ii� by interpreting Ehrenfest dynam-
ics as corresponding to a set of frozen Gaussian wave pack-
ets that are allowed to separate. Because the same expression
can be found in multiple ways, and because the numerical
results for a few model problems are successful, we believe
that our nonadiabatic algorithm has a good chance to succeed
for many chemical applications.

In the future, the most important next step forward will
be benchmarking this nonadiabatic algorithm over a set of
many different potential energy surfaces where exact quan-
tum results can be made and compared. In particular, it will
be crucial to test this algorithm on surfaces with more than
one nuclear degree of freedom. Besides branching ratios, we
must also check for detailed balance and the relative popu-
lations of electronic states in the presence of a boson bath.
Detailed balance holds approximately for the FSSH
algorithm.41

Although we have hope that our algorithm will prove a
step forward in our understanding of mixed nonadiabatic dy-
namics, there is some cause for concern. First, the examples
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in this paper clearly demonstrate that this algorithm does not
entirely prevent small populations arising in closed channels.
Second, because decoherence throws away correlations be-
tween adiabatic states, there will be necessary limits to what
this algorithm can achieve. For these reasons, we are cur-
rently designing a separate algorithm that incorporates the
decoherence rate in Eq. �52� within the FSSH formalism so
as to better connect with the standard surface-hopping for-
malism and deepen our understanding of semiclassical nona-
diabatic dynamics.42

If, however, the algorithm presented here does perform
well over a broad range of dynamics calculations, then five
conceptual issues should be addressed in the future in order
to improve this method. First, regarding computational cost,
as written above, our algorithm requires second derivatives
of the potential energy surface �i.e., Eqs. �40� and �41��. This
need for second derivatives will make on the fly electronic-
structure calculations much more expensive. Future work
should investigate whether the second-derivative terms can
be approximated so as to make the dynamics algorithm more
computationally efficient. Although usually one cannot
achieve “something for nothing,” one would strongly prefer
a decoherence algorithm which required only first derivatives
of the potential energy surface.

Second, in this paper, we have focused only on the case
of two electronic states. In the future, this algorithm should
be extended to the case of three or more electronic states.
Looking back at the algorithm above, we find that there is no
obvious and unique prescription for such an extension. In-
stead, there are many possibilities for how one could treat the
case of three or more wave packets decohering on multiple
surfaces. For this reason, we have hesitated to hypothesize an
algorithm without having exact quantum dynamics calcula-
tions to compare against.

Third, regarding the question of representation, in this
paper, all of our works have assumed an adiabatic represen-
tation, and Tully and co-workers have long argued that FSSH
works best in an adiabatic �rather than diabatic�
representation.6 It will be very interesting, and perhaps fruit-
ful, to explore whether the algorithm and ideas presented
here can be transported in a meaningful way to a diabatic
representation. One might hope that such an approach would
be possible because Ehrenfest dynamics works equally well
in both representations.

Fourth, as presented in this paper, our dynamics algo-
rithm is not time reversible. In order for the algorithm to be
time reversible, we need a means to combine two separate,
independent trajectories into a single coherent trajectory. If
such a feat were possible, this algorithm might also be able
to quantitatively model difficult coherences, including Stu-
eckelberg oscillations. Although it may be impossible, future
work should at least attempt to see if and how two separated
trajectories may subsequently be recombined.

Fifth and finally, from a purely theoretical perspective, it
would be very satisfying if one could demonstrate a deeper
connection between our trajectories and Kapral’s “momen-
tum jump” trajectories20,21 for propagating the partial Wigner
transform. Moreover, if such a connection were possible, we
might also find a correction to this algorithm.

In summary, this paper has presented �i� a new formal-
ism for quantifying the error of Ehrenfest dynamics and �ii� a
new approach for mixed quantum-classical dynamics
wherein there is a natural rate for stochastic decoherence
events—without any adjustable parameters—along mean-
field trajectories. Our preliminary numerical results are en-
couraging. Because so many problems in chemistry involve
electron transfer or electronic relaxation, where nonadiabatic
dynamics can be crucial, there is a strong motivation to re-
fine and benchmark this algorithm in the future. Although
Eqs. �40�, �41�, and �52� are currently in their infancy, our
hope is that this paper presents significantly new ideas to
help push forward mixed nuclear-electronic dynamics.
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APPENDIX A: CALCULATION OF EXACT QUANTUM
RESULTS

The exact quantum results in this paper have been com-
puted in MATLAB using a finite one-dimensional grid and a
fast Fourier transformation to represent the momentum op-
erator. No matter the value of k �k�4�, we have chosen the
width of the incoming wave packet to be 1 a.u. and we have
checked that the resulting branching ratios are nearly un-
changed if we change the width to 2 a.u. After diagonalizing
the total Hamiltonian and propagating the wave packet for a
small time t, we used a masking function along the bound-
aries of the grid to eliminate outgoing particle density, while
simultaneously measuring the distribution of this flux over
the different electronic states. Overall, we estimate that our
branching ratios are correct to within 1%. More accurate
results are certainly possible �see, e.g., Ref. 43�.

APPENDIX B: CALCULATION OF �� /�R AND �� /�P

In this section, we will not limit ourselves to a single
classical nucleus and, instead, we will compute the equation
of motion for the mixed nuclear-electronic derivatives sub-
ject to the general case of many nuclear degrees of freedom.
Overhead arrows will denote nuclear vectors, bold face de-
notes electronic matrices, superscript Greek indices are
nuclear, and subscript Roman indices are electronic. For con-
venience, we set �=1.

1. Equation of motion for �� /�P

Suppose that at time t0, a mixed quantum-classical
Ehrenfest trajectory starts out with coordinates R� 0 , P� 0 ,�0
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and evolves to coordinates R� 1 , P� 1 ,�1 at time t1= t0+dt. Ac-
cording to the Ehrenfest equations of motion, to first order in
dt, we have

U�t1,t0�:�R� 0

P� 0

	 � �R� 1

P� 1

	
�B1�

�R� 1

P� 1

	 =� R� 0 +
P� 0

M
dt

P� 0 − �
kl

�kl�R� 0,P� 0,t0�F� lk�R� 0�dt� ,

where U�t1 , t0� denotes the time evolution operator.
Let e�R

� ,e�P
�� be a basis for classical phase space. In order

to calculate ��ij /�P, we must consider how a small change
in the initial nuclear momentum affects the final electronic
state �see Fig. 9�.

In practice, we will find that ��ij /�P may be computed
through a series of Taylor series expansions. We start by
perturbing P� 0 by P� 0=���P�e�P

�. The resulting change in the
trajectory of the nuclear position and momentum is

U�t1,t0�:� R� 0

P� 0 + P� 0

	 � �R� �

P� �

	 =� R� 0 +
�P� 0 + P� 0�

M
dt

P� 0 + P� 0 − �
kl

�kl�R� 0,P� 0 + P� 0,t0�F� lk�R� 0�dt�
= � R� 1 +

P� 0

M
dt

P� 1 + P� 0 − �
�kl
� ��kl

�P��
t0

F� lk�R� 0��P�dt� . �B2�

For the perturbed nuclear trajectory in Eq. �B2�, we seek
the change in the electronic density. To first order, using the
equation of motion for � �Eq. �9��, we have

�rs�R� �,P� �,t1� = �rs�R� 0,P� 0 + P� 0,t0�

+ �̇rs�R� 0,P� 0 + P� 0,t0�dt . �B3�

We now perform several Taylor expansions. The right
hand side of Eq. �B3� becomes

RHS = �rs�t0 + �
�

� ��rs

�P� �
t0

�P�

− i�H�R� 0�,��R� 0,P� 0 + P� 0,t0��rsdt

− �
�

�P0
� + �P��

M
�d��R� 0�,��R� 0,P� 0 + P� 0,t0��rsdt

�B4�

=�rs�t0 + �
�

� ��rs

�P� �
t0

�P� − i�H�R� 0�,��t0�rsdt

− �
�

P0
�

M
�d��R� 0�,��t0�rsdt

− i�
�
�H�R� 0�,� ��

�P��
t0
�

rs

�P�dt

− �
��

P� 0
�

M �d��R� 0�,� ��

�P��
t0
�

rs

�P�dt

− �
�

1

M
�d��R� 0�,��t0�rs�P�dt , �B5�

while the left-hand side of Eq. �B3� is expanded as

R0,P0+∆P0

R0,P0
R1,P1

R*,P*

t0
t1

P

R

FIG. 9. A graphical representation of the time evolution around a single
trajectory.
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LHS = �rs�R� 1 +
P� 0dt

M
,P� 1 + P� 0 − �

�kl
� ��kl

�P��
t0

F� lk�R� 0��P�dt,t1	 �B6�

=�rs�t1 + �
�

� ��rs

�P� �
t1

�P� + �
�

dt

M
� ��rs

�R� �
t1

�P� − �
��kl
� ��rs

�P� �
t1

� ��kl

�P��
t0

Flk
� �R� 0�dt�P�. �B7�

Putting together Eqs. �B5� and �B7� and using �to first order�

�rs�t1 = �rs�t0 − i�H�R� 0�,��t0�rsdt − �
�

P0
�

M
�d��R� 0�,��t0�rsdt , �B8�

we conclude that the equation of motion for ��ij /�P is

d

dt

��rs

�P� 

1

dt�� ��rs

�P� �
t1

−� ��rs

�P� �
t0
	

= − i�H�R� 0�,� ��

�P��
t0
�

rs

− �
�

P0
�

M �d��R� 0�,� ��

�P��
t0
�

rs

−
1

M
�d��R� 0�,��t0�rs −

1

M
� ��rs

�R� �
t1

+ �
�kl
� ��rs

�P� �
t1

� ��kl

�P��
t0

Flk
� �R� 0� . �B9�

Setting t0= t1, we arrive at the final equation of motion �Eq. �41��. Note that in the process of deriving Eq. �B9�, we have
found that ��ij /�P is fundamentally correlated with ��ij /�R.

2. Equation of motion for �� /�R

Repeating the above analysis, only substituting spatial derivatives for momentum derivatives, we consider the effect in
phase space of a small initial change in the spatial coordinate, R� 0=���R�e�R

�,

U�t1,t0�:�R� 0 + R� 0

P� 0

	 → �R� �

P� �

	 =� R� 0 + R� 0 +
P� 0

M
dt

P� 0 − �
kl

�kl�R� 0 + R� 0,P� 0,t0�F� lk�R� 0 + R� 0,P� 0,t0�dt�
= � R� 1 + R� 0

P� 1 − �
�kl

� ��kl

�R��
t0

F� lk�R� 0�dt�R� − �
�kl

�kl�t0� �F� lk

�R��
R� 0

dt�R�� . �B10�

We also consider the corresponding change in the electronic density matrix

�rs�R� �,P� �,t1� = �rs�R� 0 + R� 0,P� 0,t0� + �̇rs�R� 0 + R� 0,P� 0,t0�dt . �B11�

Expanding, the right hand side of Eq. �B11� becomes

RHS = �rs�t0 +��
�

��rs

�R� �
t0

�R� − i�H�R� 0 + R� 0�,��R� 0 + R� 0,P� 0,t0��rsdt − �
�

P0
�

M
�d��R� 0 + R� 0�,��R� 0 + R� 0,P� 0,t0��rsdt

= �rs�t0 +��
�

��rs

�R� �
t0

�R� − i�H�R� 0�,��t0�rsdt − �
�

P0
�

M
�d��R� 0�,��t0�rsdt − i�

�
�H�R� 0�,� ��

�R��
t0

�
rs

�R�dt

− i�
�

�F��R� 0�,��t0�rs�R�dt − �
��

P� 0
�

M �d��R� 0�,� ��

�R��
t0

�
rs

�R�dt − �
��

P� 0
�

M
� �d��R� 0�

�R� ,��t0�
rs

�R�dt , �B12�

and the left-hand side of Eq. �B11� becomes
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LHS = �rs�R� 1 + R� 0,P� 1 − �
�kl
� ��kl

�R��
t0

F� lk�R� 0�dt�R� − �
�kl

�kl�t0
�F� lk

�R� �R� 0�dt�R�,t1	
= �rs�t1 + �

�

� ��rs

�R� �
t1

�R� − �
��kl

� ��rs

�P� �
t1

� ��kl

�R��
t0

Flk
� �R� 0�dt�R� − �

��kl
� ��rs

�P� �
t1

�kl�t0� �Flk
�

�R���R� 0�dt�R�. �B13�

Combining Eqs. �B12� and �B13� and using Eq. �B8�, we find the equation of motion for the change in � with respect to
spatial derivatives

d

dt

��rs

�R� 

1

dt�� ��rs

�R� �
t1

−� ��rs

�R� �
t0
	 = − i�H�R� 0�,� ��

�R��
t0
�

rs

− i�F��R� 0�,��t0�rs − �
�

P� 0
�

M �d��R� 0�,� ��

�R��
t0
�

rs

− �
�

P� 0
�

M
� �d��R� 0�

�R� ,��t0�
rs

+ �
�kl
� ��rs

�P� �
t1

� ��kl

�R� �
t0

Flk
� �R� 0� + �

�kl
� ��rs

�P� �
t1

�kl�t0
�Flk

�

�R� �R� 0� .

�B14�

Finally, we set t0= t1 and the result is Eq. �40�.
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