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ABSTRACT: In a previous paper [Fatehi, S.; et al. J. Chem. Phys. 2013, 139, 124112], we
demonstrated a practical method by which analytic derivative couplings of Boys-localized
CIS states can be obtained. In this paper, we now apply that same method to the analysis of
triplet−triplet energy transfer systems studied by Closs and collaborators [Closs, G. L.;
et al. J. Am. Chem. Soc. 1988, 110, 2652]. For the systems examined, we are able to conclude
that (i) the derivative coupling in the BoysOV basis is negligible, and (ii) the diabatic
coupling will likely change little over the conﬁguration space explored at room temperature.
Furthermore, we propose and evaluate an approximation that allows for the inexpensive
calculation of accurate diabatic energy gradients, called the “strictly diabatic” approximation.
This work highlights the eﬀectiveness of diabatic state analytic gradient theory in realistic
systems and demonstrates that localized diabatic states can serve as an acceptable
approximation to strictly diabatic states.

1. INTRODUCTION
The ability to properly model nonadiabatic dynamics is
essential for understanding innumerable chemical systems.1
Problems in the ﬁeld of nonadiabatic dynamics are commonly
approached, at least in a conceptual framework, from the
perspective of the strictly diabatic electronic representation.
Strictly diabatic wave functions ({|ΞA⟩}) are deﬁned by the
characteristic that they are not coupled to each other by nuclear
momenta, or in other words, that the derivative couplings
(DCs) are zero
Q]
d[AB
= ⟨ΞA|∇Q |ΞB⟩ = 0

basis in which the states change little with respect to nuclear
motion; such methods include Pacher, Cederbaum, and
Köppel’s block diagonalization;7 Atchity, Ruedenberg, et al.’s
conﬁgurational uniformity;8,9 and Nakamura and Truhlar’s
fourfold way.10−12 Still other techniques approach the problem
more obliquely; the generalized Mulliken−Hush (GMH) algorithm
of Cave and Newton13,14 approximates diabatic states as eigenstates
of a component of the dipole operator, utilizing the heuristic
property that diabatic states for electron transfer (ET) processes
tend to be localized in space. The idea that singular DCs could be
removed by obtaining the eigenstates of an observable was later
formally demonstrated by Yarkony.15−17 Last, there is a plethora of
techniques that produce diabatic states by localizing wave functions,
including Voityuk’s fragment charge diﬀerence (FCD) method;18
Hsu’s extension of FCD to excitation energy transfer (EET)
systems, fragment excitation diﬀerence (FED);19−21 and Boys and
ER localization.22−24 The concept of charge localization in ET states
was also applied to the construction of diabatic densities in the
context of density functional theory (DFT) by Van Voorhis
et al.25−27 For comprehensive reviews on this topic, see refs 3 and
28. The current work is concerned with localized diabatization
schemes,22−24,29 for which diabatic ET and EET states can be
approximated by a linear combination of adiabatic states determined
by minimizing a functional of the electronic subspace. Hereafter,
any reference to diabatic states will refer to localized diabatic states.

(1)

where Q indexes a nuclear degree of freedom. While they are
not coupled by nuclear momentum, diabatic states are coupled
by elements of the electronic Hamiltonian (HAB) called diabatic
couplings. If this Hamiltonian is diagonalized, of course, one
obtains the adiabatic basis of electronic states. The cost of
this transformation is that the DCs in the new basis are
inversely proportional to the energy diﬀerence between the
−1
states that they couple (d[Q]
IJ ∝ (EJ − EI) ) and can therefore become large near avoided crossings and diverge near
conical intersections. For a brief review of the representation dependence of DCs within the spin boson model, see
Appendix A.
While a strictly diabatic basis would be useful, in practice, it is
impossible to obtain.2,3 In its place, numerous approximations
(called simply “diabatic” states) have been proposed. One
approach is to directly minimize DCs along a given reaction
path.4 In more recent years, Yarkony has proposed a method
that can minimize DCs for small- to medium-sized systems.5,6
Other methods approximate diabatic states by constructing a
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As discussed in previous publications,29,30 localized diabatic
states could potentially be used with several nonadiabatic
dynamics methods,31,32 especially those that are agnostic to
electronic representation.33−36 In order to propagate dynamics
in a localized diabatic representation, it is necessary to have an
eﬃcient way to determine diabatic gradient quantities; it would
be even better to establish that DCs in such a representation
are negligible for a particular system. Additionally, localized
diabatization methods have been used in the context of Marcus
theory to accurately model24 the rate of triplet−triplet EET in
systems studied by Closs et al.37,38 While theoretical and
experimental results agreed reasonably well, until now, we have
not been able to prove beyond doubt that this success was not
coincidental. After all, Marcus theory is formally applicable only
to strictly diabatic states.
In this article, we use our newly developed analytic gradient
theory for diabatic states30 to reexamine the validity of locally
diabatic states and to ascertain deﬁnitively whether the Closs
systems conform to the approximations of Marcus theory. With
these considerations in mind, ﬁrst, we compare the DCs of
these molecules in the adiabatic and diabatic representations. If
the diabatic states are similar to the strictly diabatic states
postulated by Marcus, one should expect that their DCs
are insigniﬁcant even near avoided crossings. Second, we
use diabatic Hamiltonian gradients to estimate how much
the diabatic coupling changes within the conﬁguration space
available to these systems at room temperature. In addition to
assuming strictly diabatic states, Marcus theory assumes the
Condon approximation, which posits that the diabatic
couplings do not change signiﬁcantly, and we show that it
holds true here. Third and ﬁnally, in the Discussion section, we
will present and evaluate an approximation that can produce
diabatic state gradient quantities at the cost of producing
adiabatic DCs.

Three such functions, GMH, Boys, and BoysOV, are deﬁned in
terms of state dipole operators; therefore, their respective
analytic gradient expressions have many similarities, which will
be described below. Diabatic states in the GMH representation
must have a dipole operator that is diagonalized in the direction
of charge transfer.13 Boys diabatization represents an extension
of this method to multiple centers of charge and in fact reduces
to GMH for two-state systems.22 In principle, Boys diabatic
states can be thought of as adiabatic states perturbed by the
approximate eﬀects of a strongly localizing solvent bath, one
that exerts a linear electrostatic potential on the electronic
system being diabatized. Consequently, maximizing this
interaction is equivalent to maximizing the localization function
f Boys, given by
fBoys (U) = fBoys ({ΞA})

(3)

M

=

|⟨ΞA|μ|ΞA⟩ − ⟨ΞB|μ|ΞB⟩|2

∑

(4)

A ,B=1

where μ is the electronic dipole operator. Boys diabatic states
are useful for localizing ET states but are subject to certain
limitations. In particular, the Boys method is unable to localize
the electronic states of an EET system, in which electronic
excitation, not charge, becomes localized. An alternative
method, called BoysOV localization,24 uses a diabatization
function given by
M

fBoysOV (U) =

∑

|⟨ΞA|μocc |ΞA⟩ − ⟨ΞB|μocc |ΞB⟩|2

(5)

|⟨ΞA|μvirt |ΞA⟩ − ⟨ΞB|μvirt |ΞB⟩|2

(6)

A ,B=1
M

+

∑
A ,B=1

2. NOTATION
The upper case letters {I, J, K, L} index adiabatic electronic
states, while {A, B, C} are used to index diabatic electronic
states. The lower case letters {i, j} index occupied molecular
orbitals, while {a, b} index virtual molecular orbitals. Following
the convention established in ref 39, nuclear degrees of freedom
in the Cartesian basis are indexed by the letter Q, and gradients
with respect to such degrees of freedom are denoted by a
superscript Q enclosed in square brackets, such as f [Q]. Nuclear
degrees of freedom in the basis of normal modes are indexed by
the letter η, and gradients are similarly represented as
superscripts enclosed in brackets, for example, f [η]. Diabatic
states are denoted |Ξ⟩, adiabatic states are denoted |Φ⟩, and DCs
are denoted d[Q]
IJ . All other terms are explained as they arise.

where the dipole operators μocc and μvirt only interact with
occupied and virtual orbital densities, respectively. For CIS
states, this means
occ
⟨ΞA|μocc |ΞB⟩ = μAB
= −∑ tiA , at jB , aμij

and
virt
⟨ΞA|μvirt |ΞB⟩ = μAB
=

I=1

(8)

where we have introduced CIS amplitudes {t}. By separately
localizing these two types of electron densities, BoysOV allows
for the localization of excitations for a given set of states, even if
charge cannot be localized for the same subspace. Formally,
BoysOV can be easily applied to CIS or time-dependent density
functional theory under the Tamm−Dancoﬀ approximation
(TD-DFT/TDA), but further generalizations are possible (see
Appendix B).
B. DCs between Localized Diabatic States. The formal
expression for DCs between localized diabatic states can be
written simply as

M

∑ UAI|ΦI ⟩

∑ tiA ,atiB,bμab
i,a,b

3. THEORY
A. Localized Diabatization. The localized diabatization
method is an inexpensive, black box method for generating a
diabatic electronic basis as a linear combination of adiabatic
states. Localized diabatic states are obtained by mixing a basis of
M adiabatic states via an adiabatic-to-diabatic transformation
matrix U, such that
|ΞA⟩ =

(7)

i ,j ,a

Q]
d[AB
=

(2)

∑ UAIdIJ[Q ]UBJ +∑ UAIUBI[Q ]
IJ

(9)

I
40−48

where U is chosen (1) to be unitary, ensuring orthonormal
diabats, and (2) to maximize some diabatization function.

49−53

Expressions for the DCs
and gradients
of CI
adiabatic states are available, and we have described methods
B
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must be obeyed for all state pairs such that A > B. The gradient
of this expression can then be taken, and the result can be
written in the form of eq 14 with

for obtaining analytic DCs between adiabatic states within the
CIS formalism.39 Calculating any gradient quantity within a
diabatic representation also requires the transformation matrix
gradient, U[Q]. The process for calculating U[Q] for Boys
diabatic states is described in detail in ref 30. Here, we will
broadly describe the process for the three localized diabatization schemes that make use of dipole operators: GMH, Boys,
and BoysOV localization. In each case, there are two groups of
constraints on the diabatic states that can be used to construct a
supermatrix equation

) Boys
ABCK = δAC[2μAB · μKA + (μAA − μBB ) · μKB ]
− δBC[2μAB ·μKB − (μAA − μBB ) ·μKA ]
(20)

and
Q]
* Boys[
=
AB

⎡ (ABCK ⎤
⎡ 0 ⎤
[Q ]
⎥UCK
= −⎢ [Q ]⎥
∑ ⎢⎢
⎥
)
⎣⎢ * AB ⎥⎦
CK ⎣ ABCK ⎦

(10)

× (UAK UAL − UBK UBL)

which can subsequently be solved to obtain U . The ﬁrst set
of constraints
[Q ]
=0
∑ (ABCKUCK
CK

∑ UAIUBI = δAB
I

occ
occ
occ
virt
virt
virt
μAB
·(μAA
− μBB
) + μAB
·(μAA
− μBB
)=0

(11)

I

(12)

) BoysOV = ) Boys(μocc ) + ) Boys(μvirt )

CK

* BoysOV[Q ] = * Boys[Q ](μocc ) + * Boys[Q ](μvirt )
(13)

(14)

(15)

where μ11 and μ22 are diagonal elements of the dipole operator in
the adiabatic basis, localized on the two diﬀerent charge centers
associated with the ET reaction. Taking the gradient of eq 15 with
respect to nuclear degrees of freedom Q again allows us to express
U[Q] in the context of a supermatrix equation (eq 14), for which

Q]
H [AB
=

(26)

From eq 26, one can calculate both energy gradients (diagonal
elements) and diabatic coupling derivatives (oﬀ-diagonal
elements). The gradients of any other observable can be
represented by the same expression by simply replacing the
Hamiltonian with the Hermitian operator of interest.
As for DCs, the most costly step in evaluating eq 26 is the
calculation of U[Q]. Reducing the cost of building the
transformation matrix gradient would make building the energy
gradients much less expensive and therefore practical for larger
molecules. One shortcut, which we dub the “strictly diabatic”
approximation, takes advantage of one of the principal desired
properties of diabatic states, negligible DCs. Formally assuming

(16)

and

∑ [μIJ[Q ] ·(μ11 − μ22 ) + μIJ ·(μ11[Q ] − μ22[Q ])]UAIUBJ
IJ

(18)

A similar approach is used to deﬁne the constraints on U[Q]
for the Boys representation. It can be shown22 that the
condition
μAB ·(μAA − μBB ) = 0

∑ (UAIHIJ[Q ]UBJ + U [AIQ ]HIJUBJ + UAIHIJUBJ[Q ])
IJ

= δACμBK ·(μ11 − μ22 ) + δBCμAK ·(μ11 − μ22 )

Q]
* GMH[
=
AB

(25)

The supermatrices necessary for obtaining U[Q] exist in a
small-dimensional state space; therefore, inverting eq 10 is
computationally trivial. The costly part of obtaining diabatic
gradient quantities is ﬁlling in the constraint matrix * [Q] with
adiabatic dipole gradients μ[Q]. Note that although the cost of
calculating * [Q] for GMH is equivalent to the same procedure
for Boys diabatic states, the cost for BoysOV is twice as great as
each quantity must be calculated once for virtual densities and
once for occupied densities. Consequently, for a two-state
calculation, the cost of this procedure for BoysOV states should
be approximately 20 times the cost of a CIS gradient.30
C. Diabatic Hamiltonian Gradient and the Strictly
Diabatic Approximation. In addition to producing diabaticbasis DCs, the transformation matrix gradient U[Q] can be used
to produce any diabatic gradient quantity. Among these
quantities, the diabatic Hamiltonian gradient H[Q] is of primary
interest. As with the expression for the DC (eq 9), the
expression for the Hamiltonian gradient is simple

which involve conditions speciﬁc to each scheme. By
deﬁnition,13 GMH states must be constructed such that for
M=2
μAB ·(μ11 − μ22 ) = 0

(24)

and

which holds for all state pairs A ≥ B. This result can be
rearranged in the form of eq 11, where ( ABCK = δACUBK +
δBCUAK.
While the unitarity condition is true for all localized
diabatization schemes, in order to fully deﬁne the M2 elements
of U[Q], we must turn to the second set of constraints
[Q ]
Q]
= −*[AB
∑ )ABCKUCK

(23)

must be satisﬁed. This “BoysOV condition” is simply the Boys
condition divided into separate parts for the occupied and virtual
contributions to the dipole operator. The resulting supermatrices,
represented as functions of the dipole operators, can be written

If we take the gradient of eq 12 with respect to nuclear degrees
of freedom Q, we obtain

∑ U [AIQ ]UBI + ∑ UAIUBI[Q ] = 0

(22)

We can easily extend the form of this supermatrix expression to
BoysOV localization if we instead require that the condition

arises from the condition that diabatic states must be
orthonormal

) GMH
ABCK

[Q ]
+ μIJ ·μKL
]UAIUBJ

IJKL

[Q]

I

∑ [μIJ[Q ] ·μKL

(19)
C
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the strictly diabatic condition (eq 1) allows us to solve
eq 9 for U[Q]
U [AIQ ] =

∑ UAJd[JIQ ]
J

(27)

If it can be demonstrated that localized diabatic states have small
enough DCs to make this a viable approximation, diabatic gradient
quantities could be obtained for the cost of adiabatic DCs, which
would reduce calculation time by an order of magnitude. Furthermore, because eq 9 does not require any information about the
diabatic basis beyond the transformation matrix, it can be trivially
applied to any localized diabatization method.

4. RESULTS
All results were calculated using a development version of the
Q-CHEM software package.54,55 Excited states were generated
using the restricted Hartree−Fock conﬁguration interaction
singles (RHF-CIS) formalism with a 6-31G** basis set. The
systems under consideration are similar to those used in ref 37;
each is a donor−bridge−acceptor (DBA) molecule in which a
4-benzaldehydeyl donor and a 2-naphthyl acceptor are joined
to a variable bridge. Note that in the actual experiments, the
donor is a benzophenoneyl group instead of a benzaldehydeyl
group. We designate these molecules using the same naming
scheme as that employed in ref 37; for example, C-1,3ea
signiﬁes a cyclohexane bridge to which the donor group is
attached at carbon 1 equatorially and to which the acceptor
group is attached to carbon 3 axially. One such molecule, C-1,4ee,
is pictured in Figure 1. The electronic subspace is restricted to the

Figure 2. Magnitudes of the DC vector along the linearly interpolated
reaction pathway between A*D (ζ = 0) and AD* (ζ = 1) T1 states of
the C-1,4ee molecule. DC magnitudes are presented in both the
adiabatic and diabatic (BoysOV) bases. While the DC magnitude is
smaller in the BoysOV basis for every point sampled, the degree of
reduction is greatest near the avoided crossing, where it peaks at 2.7 ×
−2 −1
a0 in the diabatic basis.
103 a−1
0 in the adiabatic basis, and 3.6 × 10
There is little diﬀerence between the adiabatic and diabatic
representations far from the avoided crossing at ζ = 0, where DC
magnitudes are negligible in either representation.

is typical of the molecules considered in this study; the
adiabatic DC magnitudes tend to be negligible near the end
points of the reaction coordinate but peak sharply near the
avoided crossing.
By contrast, in the case of diabatic states, the DC magnitude
is universally smaller in the BoysOV representation than it is in
the adiabatic representation, particularly near the avoided
crossing, where it is smaller by a factor of nearly 105. Just like
the corresponding adiabatic quantity, the BoysOV DC
magnitude peaks near the avoided crossing. However, it is
not clear whether this peak is an accurate reﬂection of the
BoysOV wave function behavior in this region; the coupledperturbed CIS (CPCIS) equations necessary for calculating
BoysOV DCs are particularly unstable here, requiring relaxed
convergence criteria. Furthermore, the ﬁnal expression for the
diabatic DC near an avoided crossing involves two very large
terms of opposite sign, the conjugated adiabatic DC and
the rotation matrix gradient (cf. eq 9). As a result, numerical
noise may become signiﬁcant when the adiabatic DC
magnitude becomes large. However, it should be noted that
the expression for the adiabatic DCs is not aﬀected by the same
instabilities; therefore, these can be generated at full precision
near the avoided crossing. Despite the higher error associated
with calculating the diabatic DCs, their magnitude is still
universally small, peaking at a value of 0.036 a−1
0 .
For a more general comparison, we have collected the
magnitudes of the DCs for several Closs systems near the
avoided crossing point along the chosen reaction coordinate.
This information is presented in Table 1. As in the case of
C-1,4ee, the avoided crossing point is where the DC magnitude
peaks in each representation. In the diabatic representation, the
DC magnitude is reduced from the corresponding adiabatic
value by at least 4 orders of magnitude in each case and is never
greater than 0.1 a−1
0 . As mentioned for the C-1,4ee system, it
seems likely that the true DC magnitudes for BoysOV states

Figure 1. The DBA molecule C-1,4ee has two minima on the T1
surface associated with a triplet−triplet EET system. In the higherenergy local minimum conﬁguration, the excitation is localized on the
benzaldehydeyl donor (the AD* state). In the global minimum
conﬁguration for this surface, the excitation is localized on the
2-naphthyl acceptor (the A*D state). Here, C-1,4ee is shown in the
geometry optimized for the A*D conﬁguration of the T1 excited state.

T1 and T2 excited states for each molecule. The space of
conﬁgurations considered is a reaction coordinate ζ deﬁned as a
linear interpolation between the “before” and “after” conﬁgurations
of a triplet−triplet EET reaction, that is, the A*D (ζ = 0) and
AD* (ζ = 1) energy-minimized geometries of the T1 state.
Diabatic states are constructed in the BoysOV representation.
Normal modes are indexed by frequency, where mode 1 is the
lowest-frequency mode.
A. DC in the BoysOV Representation. While the DC is of
course a 3N vector, for the purposes of analyzing the validity of
eq 1 for localized diabatic states, it is suﬃcient to discuss the
DC magnitudes alone. Because the systems under consideration are involved in energy transfer and not charge transfer,
the only localized diabatization method considered here is
BoysOV. DC magnitudes in the adiabatic and BoysOV
representations for C-1,4ee are shown in Figure 2. This system
D
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Table 1. Magnitudes of DCs between the Triplet−Triplet
Energy Transfer States of Three Diﬀerent Closs Molecules
in the Adiabatic and Diabatic (BoysOV) Representations at
the Conﬁguration Nearest to the Avoided Crossing along the
Linearly Deﬁned Reaction Coordinate ζ a
DC magnitude at avoided crossing point (a−1
0 )
representation

C-1,3ea

C-1,3ee

C-1,4ee

adiabatic
diabatic
A/D ratio

2500
0.066
3.8 × 104

970
0.0078
1.2 × 105

2700
0.036
7.4 × 104

a

These conﬁgurations represent the maximum DC magnitudes among
the conﬁgurations sampled for each system, suggesting that the
diabatic DCs are negligible over all relevant portions of conﬁguration
space for these systems.

are even smaller than the values presented here as instabilities
in the orbital response calculations and ﬁnite precision error
have likely inﬂated the size of this quantity near the avoided
crossings.
B. Evaluating Fluctuations in the Diabatic Coupling.
While the DCs in the adiabatic representation appear to be
tightly localized in space for these systems, the same is not
necessarily true for the diabatic coupling in the BoysOV
representation. On the contrary, the diabatic coupling varies
little along the reaction coordinate sampled in our study
(Figure 3); the diﬀerence between its maximum and minimum
values is only 7%. At ﬁrst glance, Figure 3 would seem to

Figure 4. Magnitude of the diabatic coupling gradient (|H[Q]
AB |) along
the linearly interpolated reaction pathway between A*D (ζ = 0) and
AD* (ζ = 1) T1 states of the C-1,4ee molecule in the BoysOV
representation. The magnitude of the gradient alone suggests that the
diabatic couplings change by as much as 140 μEh over the reaction
pathway deﬁned here (total length of 0.88 a0); however, as the graph
of the diabatic coupling makes clear (Figure 3), the diabatic coupling
gradient overlaps little with the degree of freedom deﬁned by the
reaction coordinate.

will not necessarily remain stable. Thus, it is worthwhile to
explore whether this molecule is rigid enough at room
temperature to avoid such conformational ﬂuctuations as
might change its diabatic coupling signiﬁcantly.
To determine how much the diabatic coupling of this
molecule might deviate due to conformational ﬂuctuations, we
must ﬁrst estimate the probable conformational changes
accessible to it at room temperature and then combine this
information with the diabatic coupling gradient. We can
accomplish this goal in three steps: (1) For each minimumenergy geometry on the T1 surface, we approximate the
shape of the potential well as that of the minimum-energy
ground-state conﬁguration. We can then use a Hessian calculation at the S0 minimum-energy conﬁguration to describe
the normal modes and corresponding vibrational frequencies (νη) of the system. (2) We approximate the magnitude of conﬁgurational ﬂuctuations (ΔLη) with respect
to this degree of freedom by taking the square root of the
thermal average of the squared displacement operators along
these modes

Figure 3. Diabatic coupling along the linearly interpolated reaction
pathway between A*D (ζ = 0) and AD* (ζ = 1) T1 states of the
C-1,4ee molecule in the BoysOV representation. Among the points
sampled, the maximum value (22.4 μEh) and minimum value (20.8 μEh)
diﬀer only by about 7% over the extent of the points sampled here;
changing ζ = 0 to ζ = 1 constitutes a change of 0.88 a0.

ΔLη =

∑ PmΔX η2,m
m

=

2

∑ Pm⟨ϕm|X̂ η |ϕm⟩
m

(28)

where ϕm is the mth harmonic oscillator stationary state and
Pm is the corresponding Boltzmann-weighted probability at T
= 298 K. (3) We estimate the change in diabatic coupling
with respect to this degree of freedom (ΔHAB,η) as the
product of the component of the gradient along this degree
of freedom with the magnitude of the ﬂuctuation along this
degree of freedom, ΔHAB,η = ΔLηH[η]
AB .
Using this procedure, we can calculate ΔHAB,η across all
degrees of freedom by examining the projection of the gradient
vectors onto each normal mode of the ground state. For the ζ =
0 conﬁguration, we ﬁnd that there are ﬁve modes along which
the diabatic coupling could change by more than 20% of its

conform to the Condon approximation for this molecular
system and thus to the assumptions of Marcus theory (as
explained in refs 56 and 57). Nevertheless, Figure 3 is only a
one-dimensional representation of the diabatic coupling. To
understand multidimensional eﬀects, in Figure 4, we plot the
norm of the diabatic coupling gradient (|H[Q]
AB |, for A ≠ B) as a
function of the reaction coordinate. Although |H[Q]
AB | overlaps
little with the reaction coordinate, should the molecule be
displaced into some orthogonal mode, the diabatic coupling
E
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reference value. The most signiﬁcant of these is mode 59; our
analysis suggests that the diabatic coupling could change by
33% if the molecule were to move along this degree of freedom
at room temperature. For the ζ = 1 conﬁguration, there are
only three modes that the diabatic coupling could change by
more than 20%; mode 59 is also the most signiﬁcant in this
case, along which the diabatic coupling can change by 31%. For
a visual representation of the normal modes that correspond to
the greatest change in the diabatic coupling, see Figure 5.

Table 2. Analysis of the Change in Diabatic Coupling of
C-1,4ee Due to Thermally Induced Conformational
Fluctuations at T = 298 K along the Normal Modes That
Contribute Most Signiﬁcantly to ΔHABa
conﬁguration

HAB
(μEh)

mode
(η)

|H[n]
AB |
(μEh/a0)

ΔLη
(a0)

ΔHAB,η
(μEh)

ΔHAB,η
(%)

ζ=0

22.4

ζ=1

22.1

59
57
77
106
65
59
57
109
73
82

45.7
34.8
34.4
67.8
30.5
42.6
42.4
72.3
22.1
21.5

0.162
0.157
0.145
0.072
0.149
0.162
0.157
0.074
0.177
0.181

7.39
5.48
4.99
4.91
4.55
6.89
6.67
5.35
3.91
3.88

33.1
24.5
22.3
22.0
20.4
31.1
30.2
24.2
17.7
17.5

a

The curvature around each potential energy well on the T1 surface is
taken to be the same as that of the S0 minimum and is obtained from a
ground-state Hessian calculation. Using this information, we are able
to estimate how much this molecule can be expected to deviate (ΔLη)
from its stable conﬁgurations (ζ = 0 and 1) at room temperature.
Multiplying this value by the projection of the diabatic coupling
gradient (|H[n]
AB |) tells us how much we can then expect the diabatic
coupling to change (ΔHAB,η) both in absolute terms and as a fraction
of its value at the respective reference conﬁguration (HAB).

while there may be some ﬂuctuations of the diabatic coupling,
the molecule is rigid enough at room temperature that nonCondon eﬀects will be relatively small.

5. DISCUSSION: THE STRICTLY DIABATIC
APPROXIMATION
To test the viability of the strictly diabatic approximation
described in section 3C, we have used it to calculate the
Hamiltonian gradient in the BoysOV basis for C-1,4ee. To
more clearly assess this approximation of a vector quantity,
error analysis has been split into two components, magnitude
and direction. Magnitudinal error is calculated as the
conventional error for scalar quantities

Figure 5. Quiver plot of C-1,4ee depicting the (A) diabatic coupling
gradient (H[Q]
AB ) at ζ = 0, (B) normal mode 59 from the S0 minimumenergy conﬁguration, and (C) normal mode 57 from the S0 minimumenergy conﬁguration. Those modes are each moderately rigid, with
characteristic lengths of ΔL59 = 0.162 a0 and ΔL57 = 0.157 a0. At the
ζ = 0 geometry, the projection of the diabatic coupling gradient (H[η]
AB )
[57]
onto mode 59 is H[59]
AB = 45.7 μEh/a0, and HAB = 34.8 μEh/a0 for mode
[57]
57. At the ζ = 1 geometry, H[59]
AB = 42.6 μEh/a0, and HAB = 42.4 μEh/a0.
See Table 2 for a thorough description of how these quantities are
determined.

εmag =

(30)

⎞
⎛ H [Q ]
⎞ ⎛ [Q ]
AB ,approx ⎟ ⎜ H AB ,analytic ⎟
εdir = 1 − ⎜⎜ [Q ]
·
⎟
⎟ ⎜ [Q ]
⎝ |H AB ,approx| ⎠ ⎝ |H AB ,analytic| ⎠

(31)

First, we discuss diabatic coupling gradients
A ≠ B). A
comparison between these results and those found for direct
analytic evaluation of the diabatic coupling gradient can be
found in Figure 6.
Under the strictly diabatic approximation, the diabatic
coupling gradient is accurately approximated near the avoided
crossing at ζ = 0.89. For the region 0.8 < ζ < 1.0, the
magnitudinal error in the diabatic coupling vector diverges
linearly away from the avoided crossing, ultimately rising to 4%.
In this same region, the directional error is generally much
smaller; with the exception of a spike to 2% at the geometry
nearest to the avoided crossing, the directional error is not
greater than 0.2%. Farther away from the avoided crossing, the
(H[Q]
AB ,

∑ (ΔHAB,η)2
(29)

η

Q]
|H [AB
,analytic|

Directional error is obtained by normalizing both the
approximate and analytic vector quantities and then subtracting
their inner product from unity

Under the approximation described in this section, one can
calculate the total change in diabatic coupling (ΔHtotal
AB ) as the
2-norm of its component parts,
total
ΔHAB
=

Q]
[Q ]
|H [AB
,approx | − |H AB ,analytic|

ΔHtotal
AB

For the ζ = 0 conﬁguration,
= 19 μEh, or a 87% change
from the reference value. For the ζ = 1 conﬁguration, ΔHtotal
AB =
19 μEh, a 78% change. Because of these ﬂuctuations in the
electronic coupling alone, we can expect our calculated Marcus
rates to be oﬀ by up to a factor of 3 or 4 from the experimental
rates. In our view, however, such small eﬀects do not represent
a signiﬁcant breakdown of the Condon approximation; indeed,
as a practical matter, the original calculations in ref 24 were also
oﬀ by a factor of 2−3 from the experimental results. In the end,
F
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comes from the ﬁrst term on the right-hand side of eq 26,
which does not depend on U[Q] and is therefore unchanged by
the approximation. Near the avoided crossing, however, U
changes rapidly, and the remaining terms in this expression can
no longer be neglected. In this region, however, the DCs in the
diabatic representation are smallest; therefore, the strictly
diabatic approximation is the most well-founded. Thus, in two
complementary limits, it seems that the strictly diabatic
approximation for energy gradients can be expected to be
accurate. As it turns out, the error in the approximate
magnitude of the gradient is never much greater than 10−4%,
and directional error never rises above 10−9%. For energy
gradients, at least, the strictly diabatic approximation appears to
be extremely robust.
Figure 6. Error in the magnitude and direction of the diabatic coupling
gradient (H[Q]
AB ) under the strictly diabatic approximation along the
linearly interpolated reaction pathway between A*D (ζ = 0) and AD*
(ζ = 1) T1 states of the C-1,4ee molecule. Magnitudinal error is
calculated as the conventional relative change for scalar quantities
(eq 30). Directional error is obtained by normalizing both the
approximate and analytic vector quantities and then subtracting their
inner product from unity (eq 31). While both magnitudinal and
directional errors are very low near the avoided crossing (at ζ = 0.89),
they begin to diverge signiﬁcantly for ζ < 0.6. While the error in the
magnitude has a maximum of around 25%, the directional error is
nearly 50% and rising as ζ → 0. This strongly suggests that for diabatic
couplings, this approximation is only reliable where diabatization can
achieve signiﬁcant reductions in DC magnitudes, that is, near avoided
crossings.

6. CONCLUSIONS AND FUTURE WORK
The recent advent and implementation of analytic gradient
methods for localized diabatic states has been tremendously
helpful in both evaluating the reliability of these quasi-diabatic
representations and increasing the functionality of these
transformations. In this work, we used methods introduced in
ref 30 to evaluate the properties of diabatic states of triplet−
triplet energy transfer systems, ﬁnding that the DCs were
negligible and that diabatic couplings were largely stable.
Furthermore, we extended these methods to encompass
BoysOV and GMH states. Finally, we used the knowledge
that DCs in the diabatic basis are reliably small to propose an
approximation that allows diabatic gradient quantities to be
calculated at greatly reduced cost. We were able to show that
this “strictly diabatic” approximation was successful at
accurately calculating diabatic coupling gradients near avoided
crossings and diabatic energy gradients everywhere. We fully
expect that these results are transferable to the gradients of
other observables.
Looking forward, we anticipate that the strictly diabatic
approximation may make several new applications of these
diabatic gradient methods more attractive. One such
application is diabatic state energy minimization; because
local minima on an adiabatic potential energy surface may
correspond to global minima on a diabatic potential energy
surface, performing a geometry optimization on diabatic
surfaces may oﬀer a more reliable way to ﬁnd such
conﬁgurations. We plan to implement and make available this
technique in the coming months.

approximation fares much worse; for ζ < 0.5, the magnitudinal
error is greater than 10%, and the directional error rises to
nearly 50% for ζ = 0. Of course, the relatively large error at the
ζ = 0 conﬁguration compared to the ζ = 1 conﬁguration reﬂects
only the relative distance from the avoided crossing. These data
strongly suggest, as one might expect, that the strictly diabatic
approximation should be used only at conﬁgurations where the
DC in the localized diabatic basis is signiﬁcantly smaller than
that in the adiabatic basis, that is, near avoided crossings (see
Figure 2).
Second, we study diabatic energy gradients (H[Q]
AA ). In
contrast to the results for the diabatic coupling gradients, the
approximate diabatic state energy gradients are essentially
identical to the analytic result for every point sampled. For
much of conﬁguration space, this is attributed to the fact that
the dominant contribution to the diabatic energy gradient

Figure 7. (A) Potential energy surfaces of a spin boson system in the diabatic representation. The DC between the two diabatic states is zero by
assumption, but the diabatic coupling (not pictured) is constant with respect to the reaction coordinate x. (B) Potential energy surfaces in the
adiabatic representation. The two energy surfaces no longer cross, and the diabatic coupling is now zero. The DC (d12) is small except for a peak
near the avoided crossing.
G
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APPENDIX A. OVERVIEW OF THE SPIN BOSON
MODEL
The spin boson model is a one-dimensional, two-level system
that can be used to model electron and energy transfer. We will
use it here as an idealized illustration of the diﬀerence between
the adiabatic and strictly diabatic representations and give
insight into the nature of DCs. The energy levels of the two
states are given by two shifted parabolas with identical
curvatures (ω), referred to here as either the left (|ΞL⟩) or
right (|ΞR⟩) states, as depicted in Figure 7A. The diabatic
coupling (V) between the states is taken to be constant as a
function of the single reaction coordinate (x), so that the full
Hamiltonian in atomic units is given by

Inspection of eqs 33−37 reveals a unique position—xac =
ϵ0/2M—where the energy diﬀerence between the adiabatic
wavefunctions is minimized (ΔE(xac) = 2V) and the derivative
coupling is maximized (d12(xac) = M/2V). This point is the
avoided crossing.

■

APPENDIX B. GENERALIZATION OF BOYSOV
While the Boys representation is deﬁned in terms of the
excitation dipole matrix, XAB, the BoysOV representation is
deﬁned in terms of partitions of the this matrix, including the
virt
occupied component Xocc
AB and the virtual component XAB , such
that their sum equals the full excitation dipole matrix, XAB =
virt
Xocc
AB + XAB . This partitioning is trivially deﬁned for CIS and
TD-DFT/TDA because both of these methods involve only single
excitations from a reference ground state (see eqs 7 and 8). For
any more sophisticated wave function ansatz, however, the
partitioning process is not as clear.
Although it may not always be physical, a reasonable
partitioning of the dipole matrix can be deﬁned, provided that
there is a single-determinant reference ground state. For
example, one can write state dipole matrix elements in the
molecular orbital basis

H=T+W
⎛1 2 2
⎞
ω x + Mx
V
⎜
⎟
p ⎛1 0⎞ ⎜ 2
⎟
⎟+
= ⎜
⎟
1 2 2
2 ⎝0 1⎠ ⎜
⎜
ω x − Mx + ϵ0 ⎟
V
⎝
⎠
2
2

(32)

where p is the momentum operator, M > 0 deﬁnes the
separation between the states in coordinate space, and ϵ0 ≥ 0 is
a “driving force” that deﬁnes the energy diﬀerence between the
minima associated with the two states. This system is deﬁned in
the strictly diabatic basis; therefore, the DC (dLR (x) = ⟨ΞL (x)|
(∂/∂x)|ΞR (x)⟩) is zero by assumption.
One can obtain the adiabatic representation of this system,
depicted in Figure 7B, by diagonalizing the potential matrix W.
The resulting eigenvalue energies are given by
ϵ
1
E1(x) = ω 2x 2 + 0 −
2
2

⎛ ϵ0
⎞2
⎜
− Mx⎟ + V 2
⎝2
⎠

XAB =

(38)

r ,s

for some excitation density matrix D. The density matrix can be
split into occupied and virtual components, DrsAB = Drs,occ
+
AB
Drs,virt
as
follows
AB
rs ,occ
DAB

(33)

rs
⎧ DAB
if r , s ∈ occ
⎪
⎪ 1 rs
= ⎨ DAB if r ∈ occ and s ∈ virt, or s ∈ occ and r ∈ virt
⎪2
⎪0
if r , s ∈ virt
⎩

(39)

and
ϵ
1
E 2 (x ) = ω 2 x 2 + 0 +
2
2

⎛ ϵ0
⎞2
⎜
− Mx⎟ + V 2
⎝2
⎠

Drs,virt
AB

with
deﬁned in an analogous manner. The occupied and
virtual components of the dipole matrix can then be written as
occ
X AB
=

(34)

⎛
⎜
⎜
|Φ1(x)⟩ = ⎜
⎜
⎜−
⎜
⎝

⎞
⎟
(Mx − ϵ0 /2)2 + V 2 ⎟
⎟
⎟
Mx − ϵ0 /2
1
1
⎟
+
2
2 (Mx − ϵ /2)2 + V 2 ⎟
0
⎠

(40)

and

Mx − ϵ0 /2

1
1
−
2
2

rs ,occ
∑ X rsDAB
r ,s

The corresponding adiabatic wavefunctions are given by
virt
XAB
=

■

(35)

rs ,virt
∑ X rsDAB

(41)

r ,s
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and
⎛
⎜
⎜
|Φ2(x)⟩ = ⎜
⎜
⎜
⎜
⎝

1
1
+
2
2
1
1
−
2
2

⎞
⎟
(Mx − ϵ0 /2)2 + V 2 ⎟
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(36)

The DC between the two adiabatic states can then be found
through direct diﬀerentiation
d12(x) =

rs
∑ X rsDAB

∂
Φ1(x)
Φ2(x)
∂x
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