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Can Surface Hopping sans Decoherence Recover Marcus Theory?
Understanding the Role of Friction in a Surface Hopping View of
Electron Transfer
Martin J. Falk, Brian R. Landry,* and Joseph E. Subotnik
Department of Chemistry, University of Pennsylvania, 231 South 34th Street, Philadelphia, Pennsylvania 19104, United States
ABSTRACT: We compare the dynamics of Fewest Switches Surface Hopping
(FSSH) in diﬀerent parameter regimes of the spin-boson model. We show that
for exceptional regions of the spin-boson parameter space, FSSH dynamics are in
fact time-reversible. In these rare instances, FSSH does recover the correct
Marcus rate scaling (as a function of diabatic coupling) without the addition of
decoherence. In regions where dynamics are irreversible, however, FSSH does
not recover the correct Marcus rate scaling. Finally, by comparing the friction
dependence of rates predicted by various decoherence schemes to an analytic
result by Zusman, we provide yet more evidence that the method of introducing
decoherence has a qualitative eﬀect on the accuracy of results and this eﬀect must
be treated carefully.

1. INTRODUCTION: THE FSSH ALGORITHM,
FRICTION, AND THE DECOHERENCE CONUNDRUM
Classical approaches to molecular dynamics have been quite
successful in simulating dauntingly complex interactions,
particularly in the context of protein motion1−3 and calculations
of properties of liquids.4−6 However, these methods conﬁne
themselves to the ground-state Born−Oppenheimer potential
energy surface and are therefore unable to account for
nonadiabatic eﬀects. Given the importance of nonadiabatic
transitions,7,8 there has been and will continue to be an interest
in producing algorithms that go beyond the Born−
Oppenheimer approximation.9−17 While numerical integration
of Schrodinger’s equation is possible in principle, it is rarely
feasible for systems with more than a handful of degrees of
freedom. Thus, a wide variety of attempts have been made to
bridge the gap between classical approaches and fully quantum
solutions. Among methods which focus on accounting for
nonadiabatic electronic transitions, Tully’s Fewest-Switches
Surface Hopping (FSSH)18 algorithm has emerged as a popular
platform in recent years.19−22 However, FSSH does not
necessarily reproduce certain qualitative predictions made by
chemical theory,23−28 and many of the major divergences of
FSSH from theory can be attributed to the decoherence
problem.29−39 Speciﬁcally, FSSH fails to account fully for the
loss of coherence among electronic degrees of freedom. In
general, decoherence is a phenomenon that arises when a
quantum subsystem is coupled to a larger environment. In the
context of FSSH, features of decoherence appear when particles
move through multiple regions of derivative coupling, or the
same region multiple times.28
One speciﬁc consubstantiation of this decoherence occurs
when considering the Marcus theory result for the spin-boson
model.40 Marcus theory predicts that, in the limit of small
© XXXX American Chemical Society

diabatic coupling (V), the rate of transfer from one well to the
other should be proportional to the square of the diabatic
coupling. However, our group recently showed that FSSH does
not recover this result; for a ﬁnite-temperature, spin-boson
model, quadratic scaling is recovered only when decoherence is
incorporated into FSSH.41 That being said, Sibert et al. have
recently provided evidence suggesting that FSSH can sometimes recover the correct V2 scaling of the zero temperature
transition rate.22
Thus, it appears as if the incorporation of decoherence is
crucial in certain regimes of the spin-boson model, but not in
others. In this paper, we seek to understand how and why this is
the case. What relevant characteristics distinguish these two
regimes, and how should we modify FSSH to account for this?
As this paper will show, the distinguishing factor that causes the
incorrect scaling of rate with respect to V is the timereversibility of the dynamics. Furthermore, the speciﬁc way in
which we attempt to correct for the eﬀects of decoherence also
has implications for the accuracy of our predictions.
We outline our paper as follows: First, we discuss the theory
behind our implementation of FSSH and our model system,
and describe the speciﬁc procedures used to measure transition
rates and electronic behavior. Second, we present our data, and
observe trends between the time-reversibility of the evolution
of the system under FSSH, our methods of incorporating
decoherence, and the accuracy of the results as compared to
Marcus theory. Finally, we clarify the implications of our
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electronic wave function (c1, c2) in an adiabatic basis.
Recently,49,50 our group has demonstrated that the correct
means to evaluate diabatic populations via FSSH trajectories is
to transform the FSSH fully nuclear-electronic density matrix
into a diabatic basis−which requires information about the
active surface for each trajectory as well as knowledge about
each trajectory’s electronic wave function. For the case of very
small V, however, adiabatic and diabatic states are nearly
identical, so that such a density-matrix procedure is
unnecessary. In this case, instead, one can simply use the
following rule:
• If a trajectory is moving on the ith adiabatic surface, then
the probability that the trajectory is moving on the ath
diabatic surface is |<ai|2 .
This interpretation will be used below and is valid when Er is
large and V is small; this interpretation corresponds to using
the surface data only in the work of Shi et al.48
Finally, again in the limit of small V, for the purpose of
analysis only, it will be helpful to convert the electronic wave
function coeﬃcients between adiabatic and diabatic bases. In
this case, deﬁning 1,2 as adiabatic indices and l,r as diabatic
indices (for left and right wells), we can write

observations for the data from Sibert et al. and suggest
conditions for when and how decoherence must be accounted
for in surface hopping style algorithms.

2. METHODS
2.1. Spin-Boson Model and FSSH Notation. Our model
system for studying FSSH is the spin-boson model, which has
frequently been used as a simpliﬁed representation of electron
transfer.11,42,43 It has been studied recently with FSSH,19,41,44
and previously with other surface hopping algorithms.45,46 In a
diabatic basis, the spin-boson model describes two parabolic
energy wells together with a diabatic coupling V. This system is
then modeled as being in contact with a bath of harmonic
oscillators at a well-characterized temperature T. More
precisely, we have the following Hamiltonian:
⎞
⎛1
2 2
V
⎟
⎜ mω x + Mx
2
⎟
/=⎜
⎟
⎜
1
2 2
⎜
V
mω x − Mx − ϵ0 ⎟
⎠
⎝
2

(1)

where V is the diabatic coupling between the two states (“left”
|Ξl⟩ and “right” |Ξr⟩), m is the mass of the nuclear coordinate, ω
is the natural frequency of the system, ϵ0 is the driving force,
and M is related to the reorganization energy via
M = ((1/2) Ermω2)1/2. In the context of electron transfer,
one of the diabatic energy wells is representative of an electron
donor, and the other an electron acceptor. As written, eq 1
involves only one nuclear degree of freedom, x. In general,
when desirable, we will incorporate a bath of nuclei through the
addition of a fractional parameter γ. This corresponds formally
to a quantum Brownian oscillator spectral density.47,48
Since we will run FSSH dynamics on adiabats, we diagonalize
the Hamiltonian, obtaining the upper and lower adiabatic
energy surfaces:
E1(x) =

1
1
mω 2 x 2 − ϵ 0 −
2
2
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⎛ c1 ⎞ ⎛ <l1 <r1 ⎞⎛ cl ⎞
⎟⎜ ⎟
⎜ ⎟ = ⎜⎜
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2.2. Choosing Parameters. By considering the average
time it takes for a swarm of trajectories to transition from one
diabatic well to the other, we can calculate a physically
meaningful rate of decay. However, we ﬁrst need to ﬁnd
allowable parameter regimes and physically sensible initial
conditions for these trajectories.
As usual for all initial value representations, initial conditions
for surface hopping calculations were chosen on the basis of a
phase-space approximation of a nuclear wave function
contained in the donor well. To determine this wave function,
we took the Wigner transform of the ground state of a
harmonic oscillator. We then considered each point in phase
space as the initial condition of some classical trajectory, and
from this association calculated a distribution of initial energies
for our trajectories. However, instead of drawing the initial
conditions of our trajectories from over the entirety of the
distribution, we followed Sibert et al. and looked separately at
how individual energies within this ground-state distribution
behaved.22 The values of initial energies Ei (relative to −1/4Er,
the minimum of the initial diabatic well) were chosen as the 40quantiles of this distribution. These can be calculated as Ei =
−1/2ℏω ln(1 − (i/40)) for i = 0,...,39. Having ﬁxed Ei, we
picked the initial positions and momenta from a microcanonical
ensemble of energy Ei.
In order to study the eﬀects of a stochastic force on the
dynamics of FSSH, we also simulated interaction with a thermal
bath at an eﬀective temperature Teff, following Tully and
Beeman.51,52 At every time step we added an additional term to
the force on the trajectory in the form of −γp + η, where γ is
the Langevin friction term, and η is a random variable with a
Gaussian distribution of mean μ = 0 and standard deviation σ =
((2γmkTeff)/(dt))1/2. Note that this Teff does not correspond to
an actual physical temperature, but rather was introduced in
order to track the eﬀect of stochasticity at various energies and
to help us discern how particles with distinct energies (as drawn
from the ground-state distribution) behaved. To be precise, if

as well as the derivative coupling:
d12(x) =

1
2

MV
2

( 12 ϵ0 + Mx)

+ V2

(7)

(4)

We can also calculate the eigenvectors of our Hamiltonian, and
from there write down the unitary change of basis matrix for
transforming from the diabatic representation to the adiabatic
representation. If we denote our upper and lower adiabatic
states as |Φ1⟩, |Φ2⟩, then:

Surface hopping trajectories are always propagated on
adiabatic surfaces, with each trajectory carrying its own
B
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which a trajectory enters the crossing region, and Fr, Fl are the
forces on the left and right diabatic surfaces, respectively, at the
crossing point.53 For the spin-boson model, if we are in a
regime with a ﬁnite eﬀective temperature, αLZ can be estimated
as (2πV2)/(ℏω (2kTeffEr)1/2. In the Teff = 0 case, trajectories
all have a ﬁxed energy Ei, in which case
αLZ = (2πV2)/ℏω (4(Ei − 1/4Er)Er + 2ϵ0Er − ϵ20)1/2.54 Note
that αLZ will never be imaginary because we require that the
trajectories have enough energy to pass the crossing point, so
that Ei > (ϵ20)/(4Er) − 1/2ϵ0 + 1/4Er. Since the smallest Ei we
chose was greater than 6.5 × 10−5 and the largest V was 0.0001,
αLZ ≤ 0.06, and we are ﬁrmly in the regime of Marcus theory.
2.3. Computation Details. To extract transition rates, we
looked at the population of trajectories moving on the left
diabatic surface as a function of time, and averaged over 10000
trajectories. Trajectories ran for a time of 2,000,000 atomic
units with a time step of dt = 0.25 au. We then numerically ﬁt
this curve to an exponential decay, and from this process
determined the decay constant. In order to prevent the system
from periodically returning to its initial state in the zero friction
limit, we halted trajectories that reached the minimum of the
right well. Eﬀectively, we are considering the lower adiabatic
surface to be a dissociative surface, or equivalently, looking only
at the rate of the ﬁrst crossing from one diabatic well to the
other. This choice is the precise situation that Sibert et al.
simulate in their paper.22
To ﬁt our population curves to an exponential decay, we
used MATLAB to perform a least-squares regression on the
logarithm of our data. However, diﬃculties arose when our
population curves exhibited transient nonexponential behavior
where the initial decay was relatively slow. This behavior
disappeared by the time 20 percent of the trajectories had
crossed from one diabatic surface to the other, and so in cases
where this behavior arose, we simply ignored data from these
earlier times. More oscillatory behavior occasionally lingered
beyond this time period, but these oscillations did not interfere
with extracting a rate of decay.

we draw initial conditions from a microcanonical ensemble with
an energy Ei, we chose our eﬀective temperature Teff such that
the time-average energy will be equal to Ei.
The parameters ranges we used are listed in Table 1. When
generating results to compare with Sibert et al., constants such
Table 1. Parameter Ranges (in atomic units, ℏ = 1)
parameter

range

Er
Ei
kTeff
ϵ0
V
ω
γ
m

2.39 × 10−2
0−1.22 × 10−3
9.5 × 10−4
2.2 × 10−2
2.5 × 10−5−1.00 × 10−4
6.64 × 10−4
0.0−8.0 × 10−4
2.92 × 104

as mass m, ω, and the reorganization energy Er were chosen
such that they would be as similar as possible to the quantities
used in ref 22, used for modeling vibrations of the methyl
dimer. Because we wanted to explore the Marcus regime, our
choices for m, ω, and Er then determined the appropriate
ranges for the frictional Langevin coeﬃcient γ: (ω(ErkTeff)1/2/V
≫ γ ≫ (V2)/(ErkTeff)1/2.41
Since increasing the driving force ϵ0 increases the energy
barrier to crossing from one diabatic state to another, and slows
down calculations, ϵ0 was chosen to be close to the barrierless
regime. However, we were reluctant to be exactly in the
barrierless regime, since we sought to avoid too many
trajectories starting within the coupling region. Hence we
chose ϵ0 = 2.2 × 10−2 to be close (but not too close) to the
reorganization energy Er = 2.39 × 10−2.
To identify the appropriate range for V, we note that, if we
wish to use Marcus theory as a point of comparison, V must be
small enough such that the Landau−Zener parameter
αLZ = (2πV2)/(ℏv|Fl − Fr|) ≪ 1. Here, v is the velocity with

Figure 1. Red, left axis: zero friction transition rate (kV) as a function of initial energy (relative to the minimum energy of the left diabatic well) at V
= 2.5 × 10−5. Green, right axis: (k2V)/(kV), the relative transition rate obtained by doubling V, i.e. V → 2V. For the meaning of yellow and black
squares, see Figure 2
C
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Figure 2. (Left) Frictional (γ) dependence of relative frequency of the magnitude sqaured of the wave function component |cl|2 corresponding to
probabilities on the left diabat as measured at the minimum of the well. Ei = 1.8 × 10−4, near a local minimum on the plot of kV as a function of Ei
(see Figure 1, black square). (Right) Same plot as for the left, but now with energy Ei = 3.5 × 10−4, which corresponds to a local maximum on the
plot of kV as a function of Ei (see Figure 1, yellow square). V = 2.5 × 10−5.

diabatic well. These measurements were subsequently plotted
in histograms. As Figure 2 (Left) shows, at energies
corresponding to a low transition rate, the distribution of
measurements is sharply peaked. Furthermore, Figure 2 (Right)
shows that for energies corresponding to a high transition rate,
the distribution of wave function values is comparatively not as
smooth and is much less peaked. Note that in both graphs, as
friction increases, the distribution of values spreads out.
Figure 2 suggests that FSSH dynamics are time-reversible
only with zero friction and only at certain initial energies. For
these very particular circumstances, we would expect that the
normalized distribution of |cl|2 as a trajectory crosses a ﬁxed
position to be a delta function. While Figure 2 (Left) is not
exactly a delta function, its width in |cl|2 is nevertheless quite
small in comparison to Figure 2 (Right). (The nonvanishing
width of the distribution re-emphasizes the sensitivity of the
dynamics with respect to the initial energy; if we diﬀer slightly
from a truly special energy, our dynamics will not be exactly
periodic.) This suggests that the evolution of the total wave
function is periodic (to within a certain tolerance) as it
oscillates in the well. Hence dynamics going forward in time
must be indistinguishable from dynamics propagating backward
in time. In all other regions of our parameter space, there is a
preferred direction for time. In regimes with random forces and
friction, there is a clear culprit; the stochasticity and damping of
the thermal and frictional forces result in a vanishingly small
chance of the trajectories periodically returning to their initial
conditions. In the zero-friction limit, FSSH-simulated dynamics
also usually become time-irreversible because the periods for
the real-space oscillations do not line up with the periods of the
wave function oscillations. Hence, as time progresses, the small
diﬀerences in the wave function value measured at the bottom
of the diabatic well build up, and hence, the swarm of particles
drifts further and further away from its initial conﬁguration.
Finally, we may now compare the scaling of the rate with
respect to V. From Marcus theory considerations, we should

To study the electronic dynamics of the system as predicted
by FSSH, we recorded the electronic amplitudes for one
diabatic surface each time a trajectory passed the minimum of
the left well. More speciﬁcally, we calculated (cl, cr) as described
in section 2.1. Then over the course of 2000 trajectories, with a
time step of 0.25 au, we recorded |cl|2 every time a trajectory
passed the minimum of the left well. At this point,
measurements were plotted in a histogram with bin size of
0.001; bin sizes were chosen so that we had convergence in our
distribution.

3. RESULTS
Our overarching goal in this paper was to determine the role
friction plays in FSSH. We were motivated speciﬁcally by the
Sibert study showing that the correct quadratic scaling of
transition rate with respect to V in the spin-boson model had
been recovered by FSSH in the zero friction limit.22 However,
this correct scaling had only been recovered for certain initial
energies. Hence, we ﬁrst searched for diﬀerences in the
transition rate as a function of initial energy. The results of this
procedure are plotted in Figure 1 in red.
The very fast rates observed at the very lowest energies
(Ei < 6.39 × 10−5) are the result of frustrated hops; these
trajectories have enough energy to escape the left well, but not
enough to move to the upper surface in the absence of coupling
to the environment. At larger energies, Figure 1 displays that,
with zero friction, there are two distinct types of energies with
respect to transition rate. At certain energies, the rate sharply
decreases by about 2 orders of magnitude, while at most other
energies the rate remains within the same order of magnitude.
To better understand the oscillations (in red) in Figure 1, we
next considered the behavior of the electronic wave function in
these two energy regimes. As described in section 2, we
measured |cl|2, the magnitude squared of the component of the
electronic wave function corresponding to the left diabatic well,
each time a trajectory passed through the minimum of the left
D
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Figure 3. (Red, left axis) Finite friction (γ = 8 × 10−6) transition rate (kV) as a function of initial energy (measured from the minimum of the left
diabatic well) at V = 2.5 × 10−5. (Green, right axis) (k2V)/(kV), the relative transition rate obtained by doubling V, i.e. V → 2V.

Figure 4. Drift in |cl|2 of a single trajectory after a time corresponding to ﬁve oscillations in a Morse potential well, plotted as a function of initial
conditions. The diabatic coupling V is 1.0 × 10−4.

expect that rates should scale as V2. To determine a rough
estimate of the scaling, we computed the rate at V = 2.5 × 10−4.
Then, holding all other parameters constant, we doubled V. For
the zero friction regime, results of this procedure are displayed
in Figure 1 in green, superimposed on the plot of rate as a
function of initial energy. Notice that k2V/kV = 2 near maxima
of kV, while k2V/kV = 4 near minima of kV. Thus, our provisional
conclusion is that, at energies for which the dynamics simulated
by FSSH are time-reversible, the escape rate is proportional to

V2, while at energies where the dynamics are far from timereversible, the escape rate is proportional to V.
For additional evidence of this claim, we also generated an
analogue of Figure 1, but in a ﬁnite friction regime. We
repeated the process that produced Figure 1, but instead of
setting γ = 0, we let γ = 8 × 10−6. From Figure 2, we know that
the dynamics are always time irreversible with γ > 0. The ratio
k2V/kV is plotted in Figure 3. Of particular note for our
purposes is the absence of resonant, oscillatory behavior in the
E
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Figure 5. Drift in |cl|2 of a single trajectory after a time corresponding to ﬁve oscillations in a harmonic potential well, plotted as a function of initial
conditions. The diabatic coupling V is 1.0 × 10−4.

changes in |cl|2 over a greater region of the sampled initial
condition space. Nevertheless, for both potentials, there exist
wide bands of initial energies for which the nuclear dynamics
do not have the same period as the electronic dynamics. Thus,
while time-reversible dynamics can occur, they are rare for both
coupled harmonic or anharmonic potentials.
In these calculations, we make use of the Hamiltonian:

rates seen in Figure 1, and the failure of FSSH to recover V2
scaling at all initial energies. Thus, we ﬁnd again that only at
those energies and frictional values (γ = 0) for which FSSH
dynamics are time-reversible do we recover the correct result.
In the end, for chemists studying FSSH dynamics, Figures 1,
2, and 3 make intuitive sense. To correct FSSH to account for
decoherence, most schemes collapse the electronic wave
function with some algorithm-dependent rate. These collapsing
events are essential to recovering V2 scaling within the context
of time-irreversible dynamics. However, if dynamics are timereversible, then the total wave function does periodically return
to its initial state. Hence, for each trajectory, the electronic wave
function becomes consistent naturally with the current
electronic surface, and further corrections to FSSH are
unnecessary. FSSH is reliable, however, only for such rare,
serendipitous, time-reversible cases. This is a central result of
this paper, and it extends earlier results from ref 28.
To reiterate, adding decoherence is unnecessary only when
the entire systemboth the nuclear and electronic componentsundergo dynamics close to being time reversible. For
this to happen, the nuclear dynamics must have a period that is
some multiple of the electronic dynamics, or the electronic
dynamics must be close to constant. A priori, it is fairly diﬃcult
to predict whether the periods will align. To provide further
evidence for the singular nature of periodic dynamics under
FSSH, we consider the drift of |cl|2 when the left well is replaced
with an anharmonic Morse potential. Instead of generating
histograms of |cl|2 at a speciﬁc Ei, we look at individual
trajectories. For a representative portion of the phase space of
initial positions and momenta, we allow a single trajectory to
oscillate within the Morse well ﬁve times (with the dynamics
formally integrated along the adiabats). We then plot the drift
in |cl|2 against the trajectory’s initial conditionsthis is Figure
4. For comparison, a similar procedure is repeated with the
usual harmonic wells, and the result is plotted in Figure 5.
Comparing the two, we see that the harmonic well sees large

⎛
⎞
− κ (x − x0) 2
) −C
V
⎜ D(1 − e 2D
⎟
/=⎜
⎟
1
⎜
V
mω2x 2 − Mx − ϵ0 ⎟
⎝
⎠
2

(8)

where D is the depth of the well, C is the minimum energy of
the well, x0 is the location of that minimum, and κ is the
curvature of the well at its minimum. For our analysis, we
simply let D = 1, and choose C = −1/4Er, x0 = −M/(mω2), and
κ = mω2, so that at low energies, the Morse well closely
resembles the harmonic well it is replacing. Parameters used to
generate Figures 4 and 5 are Er = 2.39 × 10−2, kT = 0, ϵ0 = 2.39
× 10−2, V = 1.0 × 10−4, ω = 6.64 × 10−4, and m = 29200 (in
atomic units).

4. EXTENSION TO THE ZUSMAN LIMIT
In the context of Marcus theory and rate processes, the Zusman
result51−61 is an important theoretical result against which we
can benchmark frictional eﬀects. For the spin-boson model in
the overdamped regime (γ ≫ (ω(ErkTeff)1/2)/V), the Zusman
rate for electron transfer is (with large enough energetic
barrier62):
−1
−1
k Zusman
= kMarcus
+ kD−1

(9)

where
kMarcus =
F

|V |2
ℏ

⎛ −U *(x) ⎞
π
⎟
exp⎜
⎝ kT ⎠
Er kT

(10)

dx.doi.org/10.1021/jp5011346 | J. Phys. Chem. B XXXX, XXX, XXX−XXX

The Journal of Physical Chemistry B
kD ≈

ω2
γ

⎛ −U *(x) ⎞
U *(x)
exp⎜
⎟
⎝ kT ⎠
πkT

Article

the FSSH algorithm, but also improved FSSH-like algorithms
that incorporate decoherence. In particular, we plot rates using
three diﬀerent algorithms for implementing decoherence. The
ﬁrst two of these algorithms we have used previously, and they
both are able to recover the correct scaling with V for the spinboson rate.39,41 The ﬁrst approach (“simple collapse”) collapses
the FSSH electronic wave function66 each time that a trajectory
crosses the minimum of the left-hand well. The second
approach (“A-FSSH”) is our recent algorithm that propagates
the ﬁrst-order position and momentum moments for each
electronic surface and then collapses the electronic wave
functionjust when the relevant wavepackets must necessarily
separate on diﬀerent electronic surfaces (even for a nuclear
wavepacket width that maximizes coherence). For details on
the A-FSSH algorithm, see refs 27 and 41. We compare these
two algorithms with a third algorithm from Granucci and coworkers67 that incorporates a decoherence time τD, in
accordance with ref 36, that is inversely proportional to the
adiabatic energy diﬀerence and depends on the ratio of the
kinetic energy and a parameter C that is chosen to be 0.1
hartree:

(11)

and the activation energy is

U *(x) =

(Er − ϵ0)2
4Er

(12)

In eﬀect, the Zusman expression is a combination of the
Marcus rate and the analogue of Kramer’s turnover theory53,63
for nonadiabatic problems; one must sum up the time for the
electron transfer (Marcus) event plus the time for diﬀusion past
the barrier. For a concise derivation of eq 9, see ref 60. As
frictional eﬀects grow (γ → ∞), the rate of electron transfer
slows down; the systems get stuck either before or near the
crossing region and cannot traverse the barrier irreversibly.
With this picture in mind, one might expect that the eﬀects
of decoherence would be minimal for very large friction. After
all, there is no repeated wave packet bifurcation and separation
in this limit; instead, there is just one long sojourn near the top
of the activated barrier. Nevertheless, one might expect that
decoherence eﬀects would be quite visible if we investigate a
range of diﬀerent frictional values. After all, as we have argued,
decoherence should be important for small- to medium-ranged
γ values, and thus frictional eﬀects will be accentuated by
looking at transfer rates as the values of γ move from
underdamped to overdamped. Note that Kapral and co-workers
have previously investigated this question in a diﬀerent context
(i.e., through the quantum-classical Liouville equation) in refs
64, 65.
To examine these claims about decoherence, in Figure 6, we
plot the rate of electron transfer versus the frictional parameter

τD =

⎛
C ⎞
ℏ
⎟
⎜1 +
E kin ⎠
|V2 − V1| ⎝

(13)

As one might expect, according to Figure 6, we ﬁnd that the
eﬀects of decoherence are indeed small when frictional
damping is overwhelming. All four rates are all equivalent for
large γ, and they are close to the Zusman result. For somewhat
smaller (almost overdamped) frictional values, however, several
points should be made. First, note that FSSH predicts an
electron transfer rate that is too large; this is mostly corrected
by all methods that add decoherence. We documented this
erroneous behavior for surface hopping (without decoherence)
a few years ago.39,41 Second, notice that the simple-collapse
method yields completely artiﬁcial oscillations in the rate of
electron transfer as a function of γ. This spurious behavior is
the result of our implementing a naive (and simple-minded)
“simple-collapse” scheme. Namely, because the simple-collapse
scheme implements a decoherence event only when the particle
reaches the bottom of the well, this scheme is bound to fail
when trajectories do not make it all the way to the bottom of
the well (as would happen in the case of medium-to-large
friction). Thus, the simple-collapse data is not qualitatively
correct as a function of γ. The decoherence method from ref 67
agrees more or less with A-FSSH for much of the range of γ.
We believe eq 13 performs well here because electron transfer
in the Zusman regime does not require an accurate treatment
of coherence and, in our experience, the Granucci method
yields a decoherence rate that tends to overestimate the true
rate. For example, the decoherence rate in eq 13 destroys the
coherence between two wavepackets on parallel surfaces, which
is not physical. For a numerical example, see the Appendix.
In the end, the lesson of Figure 6 is clear; while decoherence
is crucial for correcting FSSH and obtaining accurate kinetic
and dynamic data, such a decoherence correction must be wellderived and robust. A naive approach (like simple collapse) for
decoherence cannot be used to study frictional eﬀects in
electron transfer processes.

Figure 6. Electron transfer rates from the spin-boson model for a
variety of diﬀerent frictional parameters (γ). Here, standard FSSH is
compared against the correct (Zusman) expression and also against
three decoherence-improved FSSH algorithms. See text. Note that a
naive “simple collapse” implementation of decoherence can give weird,
spurious data with artiﬁcial oscillations. In order to get reliable data
over a broad region of parameter space, a robust decoherence
algorithm is needed, e.g. A-FSSH.27,41 Reference 67 also works well
here.

γ. Our parameters are as follows: Er = 2.39 × 10−2, kT = 9.5 ×
10−4, ϵ0 = 1.8 × 10−2, V = 2.5 × 10−5, ω = 4.375 × 10−5, and m
= 1 (in atomic units). We averaged over 10000 trajectories
sampled from an initial Boltzmann distribution, each run with a
time step of 1.25. In this ﬁgure, we plot results using not only

5. CONCLUSION
In this paper, we have shown that only with zero friction and at
certain initial energies are the dynamics simulated by FSSH
G
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time-reversible, and hence, accounting for decoherence is
unnecessary only in these situations. In all other circumstances,
the value of the electronic wave function is not periodic, and
FSSH is unable to recover the correct V2 scaling. The result
from Sibert et al. is then a rare occurrence; very few parameter
regimes and initial conditions are time-reversible under FSSH,
and as soon as the dynamics become time-irreversible, FSSH
accuracy decreases. Furthermore, the method by which we
account for decoherence also has a signiﬁcant eﬀect on the
calculated outcome. We conclude that, in almost all circumstances, modeling decoherence correctly for FSSH is necessary
to obtain accurate results for nonadiabatic problems with
strongly avoided crossings, including spin-boson systems.
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APPENDIX
To show that the approach proposed in ref 67 overestimates
the true decoherence rate, in Figure 7 we plot the transmission

Figure 7. Transmission on the lower adiabatic surface as a function of
incoming momentum for the second Tully problem. Parameters are
those used in ref 18.

as a function of incoming momentum for the well-known
second Tully problem.18 Note that ref 67 does not recover the
correct Stueckelberg oscillations here, even though FSSH and
A-FSSH do recover such behavior. Nevertheless, for the
Zusman problem, branching ratios are not as sensitive to the
precise treatment of electronic coherence, which likely helps to
explain why the decoherence scheme in eq 13 (from ref 67)
yields an accurate result in Figure 6.
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