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ABSTRACT
Within a generalized Anderson-Holstein model, we investigate electron transfer rates using two different surface hopping algo-
rithms: a broadened classical master equation (BCME) and independent electron surface hopping (IESH). We find that for large
enough bandwidth and density of one electron states, and in the presence of external friction, the IESH results converge to the
BCME results for impurity-bath model systems, recovering both relaxation rates and equilibrium populations. Without external
friction, however, the BCME and IESH results can strongly disagree, and preliminary evidence suggests that IESH does not always
recover the correct equilibrium state. Finally, we also demonstrate that adding an electronic thermostat to IESH does help drive
the metallic substrate to the correct equilibrium state, but this improvement can sometimes come at the cost of worse short time
dynamics. Overall, our results should be of use for all computational chemists looking to model either gas phase scattering or
electrochemical dynamics at a metal interface.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5050235

I. INTRODUCTION

The dynamics of a molecule near a metal surface can
be of a highly non-adiabatic nature,1–7 and modeling these
dynamics theoretically is still a challenge.8–12 For a realis-
tic calculation, a fully quantum mechanical approach is com-
putationally prohibitive and master equation and semiclas-
sical approaches are natural.13–19 To that end, in recent
years, several flavors of surface hopping dynamics have been
proposed, including (i) independent electron surface hop-
ping (IESH)15 and (ii) a broadened classical master equation
(BCME).16

Let us now review these two dynamics algorithms
in more detail. First, for the last ten years, Tully’s IESH
generalization of the fewest switch surface hopping (FSSH)
algorithm20 has been one of the most successful algorithms
for simulating gas-metal scattering dynamics.10,21–23 The

algorithm discretizes a metal bath and works effectively
with a closed, but large, electronic system, and particles
are propagated along adiabatic surfaces. So far, IESH has
explained some features of Wodtke’s NO–Au scattering exper-
iment1,2,9,24,25 fairly well. In particular, IESH has been able to
predict accurate trapping probabilities, the rotational ener-
gies of scattered molecules, and reasonable vibrational relax-
ations;21 however, it has been reported that the agreement
between IESH theory and Wodtke’s experiment can break
down when gas molecules approach surfaces with high inci-
dence energy,10 and it still remains unclear exactly when IESH
is reliable.

Second, let us turn to the BCME approach, which is a
very new and different flavor of surface hopping which has
not yet been fully tested on molecule-metal systems.16,26,27

The algorithm is based around extrapolating a simple
surface hopping master equation whereby one can model
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strong molecule-metal couplings without discretizing a metal.
Instead, the BCME approach approximates open system quan-
tum dynamics in such a way that the effect of a metal surface
on a nearby molecule can be incorporated with a hybridiza-
tion function. The cost of the algorithm is trivial, and so far
BCME has been able to predict accurate results for several
model systems.28–30 Nevertheless, the BCME approach has not
been applied for a large real system; this work is ongoing in our
laboratory.

With this background in mind, the goal of this article
is to compare these two surface hopping algorithms (IESH
vs BCME) and to assess their relative strengths and weak-
nesses. Of course, it can be difficult to assess semiclassical
Ansätze without fully quantum, exact benchmark calculations,
and so the primary test of the methods here will be to see
if IESH recovers the Marcus theory of electron transfer (ET)
in the high temperature limit; BCME has already been val-
idated for the Marcus problem.28 We will also investigate
whether IESH recovers the correct equilibrium state. To our
knowledge, no one has yet thoroughly compared IESH dynam-
ics against Marcus theory for an Anderson-Holstein (AH)
model.6,31–34

This paper is organized as follows: In Sec. II, we briefly
discuss the AH model, before reviewing both BCME and
IESH dynamics. In Sec. III, we offer simulation details and
show numerical results, comparing the surface hopping algo-
rithms. In Sec. IV, we discuss further improvements pos-
sible for the surface hopping methods. We conclude in
Sec. V.

A. Notations
The notation used in this paper is as follows. We use x

and p to denote the coordinate and momentum, respectively,
for a single nuclear degree of freedom. Electron orbitals are
denoted by normal characters (e.g., ψ), while many-electron
states are denoted by bold characters (e.g., Ψ).

II. BACKGROUND: HAMILTONIAN AND METHODS
A. Generalized Anderson-Holstein (AH) model

Consider an impurity site (with creation and annihilation
operators d, d†) near a bath (with creation and annihilation
operators ck, c†k). For such a problem, a generalized AH model
is defined by the following Hamiltonian:

H =
p2

2m
+ U0(x) + h(x)d†d +

∫ W

−W
εkc
†

kckdk

+
∫ W

−W
Vk(x)(c†kd + d†ck)dk. (1)

Here, x denotes a nuclear degree of freedom that modulates
the energy of the impurity site. We define U0(x) and U1(x)
as the potential energy surfaces (PES) when the molecule is
neutral or negative charged, respectively, and h(x) is defined as
U1(x) − U0(x). The bandwidth is 2W. Vk(x) denotes the coupling

between the impurity site and the bath orbitals labeled by k.
The Fermi level of the bath is assumed to be zero throughout
this paper.

In practice, for the calculations below, we discretize the
bath into M orbitals, and the Hamiltonian becomes

H =
p2

2m
+ U0(x) + h(x)d†d +

M∑
n=1

εnc†ncn

+
M∑
n=1

Vn(x)(d†cn + c†nd). (2)

The discretized orbitals are labeled by n = 1, 2, . . ., M. Very
often, it is helpful to consider the hybridization function
Γ(x, E) that enters into the Fermi golden rule, where Γ(x,E)
≡ 2π

∑M
n=1 V

2
n(x)δ(E−εn). Here and below, we will apply the wide

band approximation (WBA) and Condon approximation so that
we assume Γ is a constant everywhere and independent of
energy.

B. Classical master equation (CME)
To derive the BCME, it is helpful to first consider the

classical master equation (CME) algorithm, which arises from
perturbation theory in the molecule-metal coupling. For these
dynamics, a trajectory is propagated with a fixed charge along
a diabatic surface [either U0(x) or U1(x)]. At each time step,
there is a finite probability to hop to another surface, i.e.,
change charge state. The classical master equations can be
expressed as follows:26

∂tP0(x,p, t) = −
p
m
∂xP0(x,p, t) + ∂xU0(x)∂pP0(x,p, t)

−
Γ

~
f(h(x))P0(x,p, t) +

Γ

~
(1 − f(h(x)))P1(x,p, t),

∂tP1(x,p, t) = −
p
m
∂xP1(x,p, t) + ∂xU1(x)∂pP1(x,p, t)

+
Γ

~
f(h(x))P0(x,p, t) −

Γ

~
(1 − f(h(x)))P1(x,p, t).

(3)

Here P0(x, p, t) and P1(x, p, t) are probability densities for the
related nuclear degree of freedom to be located at phase point
(x, p) at time t in electronic states |0〉 and |1〉, respectively. f(x)
is the Fermi function. The CME [Eq. (3)] is derived by (i) invok-
ing perturbation theory whereby kT � Γ and (ii) assuming the

classical limit kT/~ �
√
∂2
xU0(x)/m.

C. Electronic friction (EF): Unbroadened
and broadened flavors

The polar opposite of CME dynamics is the model of elec-
tronic friction.13,14,35–40 Electronic friction dynamics wrap up
all non-adiabatic effects into a friction term and trajectories
are propagated subject to this electronic friction (as well as
any additional external nuclear friction). Although EF dynam-
ics are distinctly not a flavor of surface hopping, they are
important because they should be valid when surface hopping
becomes invalid (i.e., the limit of large Γ).
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To derive an unbroadened flavor of EF dynamics in the
limit that Γ is not too large, we consider Eq. (3) and define two
new probability densities

PA(x,p, t) ≡ P0(x,p, t) + P1(x,p, t),

PB(x,p, t) ≡ f(h(x))P0(x,p, t) − (1 − f(h(x)))P1(x,p, t).
(4)

For large enough Γ, the population on the two diabats will
reach local equilibrium quickly such that PB(x, p, t) will be small
and change slowly. For this case, a Fokker Plank (FP) equation
for PA(x, p, t) can be derived,26

∂tPA(x,p, t) = −
P
m
∂xPA(x,p, t) + ∂xUadiab

unb (x)∂pPA(x,p, t)

+
γe
m
∂p(pPA(x,p, t)) + γekT∂2

t PA(x,p, t). (5)

When calculating PA(x, p, t) with trajectories, particles are
propagated along an “adiabatic” surface,

Uadiab
unb (x) = U0(x) +

∫ x
f(h(x′))∂x′h(x′)dx′

= U0(x) + kTln
(
1 + e−h(x)/kT

)
, (6)

and the electronic friction is

γe = −
~

Γ
(∂xh(x))2 ∂Ef(E)��E=h(x). (7)

Now, Eqs. (5)–(7) are not the most general electronic friction
model; after all, this equation was derived after first assum-
ing small Γ and then assuming large Γ! Thus this equation
cannot describe the case of very large Γ, where an impurity
can hybridize with a metal surface, a phenomenon sometimes
referred to as “broadening.” In such a case, if h(x) is the impu-
rity’s energy, the correct population is not just f(h(x)), but
rather a broadened population that incorporates hybridiza-
tion. The correctly broadened “adiabatic” surface can be found
by performing a projection akin to Eq. (3), but starting with the
quantum-classical Liouville equation (QCLE)36,41–45 instead of
the CME. The result is27,46

Uadiab
b (x) = U0(x) +

∫ x
n(h(x′))∂x′h(x′)dx′, (8)

where the local population on the impurity is

n(h(x)) ≡
∫

dE
2π

A(E,h(x))f(E). (9)

Here A(E, h(x)) is the spectral function

A(E,h(x)) ≡
Γ

(E − h(x))2 + (Γ/2)2
. (10)

Furthermore, according to the QCLE (and many other
approaches35,39,40,47,48), the correct electronic friction term
is not given by Eq. (7), but rather also involves the spectral
function (such that broadening is again included)

γe,b = −
~

2

∫
dE
2π

(∂xh(x))2A2(E,h(x))∂Ef(E). (11)

Equation (11) reduces to Eq. (7) in the limit that Γ→ 0.

D. Broadened classical master equation (BCME)
We may now briefly review BCME dynamics. The BCME is

an extension of the CME to cases with large molecule-metal
coupling, where we can no longer assume kT � Γ.

To incorporate broadening effects, we artificially manip-
ulate the diabatic surfaces U0(x) and U1(x) such that tra-
jectories are effectively propagated along the broadened
adiabats Uadiab

b in Eq. (8). In order to achieve this replace-
ment, a straightforward scheme is to modify the diabatic
surfaces,16,27

Ub
0 = U0 −

∫ x

−∞

∆FBCME(x′)dx′,

Ub
1 = U1 −

∫ x

−∞

∆FBCME(x′)dx′,

∆FBCME(x) = −∂xh(x)[n(h(x)) − f(h(x))].

(12)

As a result, the BCME dynamics are defined as follows:

∂tP0(x,p, t) = −
p
m
∂xP0(x,p, t) +

(
∂xU0(x)−∆FBCME(x)

)
∂pP0(x,p,t)

−
Γ

~
f(h(x))P0(x,p, t) +

Γ

~
(1 − f(h(x)))P1(x,p, t),

∂tP1(x,p, t) = −
p
m
∂xP1(x,p, t) +

(
∂xU1(x) − ∆FBCME(x)

)
∂pP1(x,p, t)

+
Γ

~
f(h(x))P0(x,p, t) −

Γ

~
(1 − f(h(x)))P1(x,p, t).

(13)

Now, note that if we consider Eq. (13) and project out the
total population [as in Eq. (3)], we will necessarily recover the
friction in Eq. (7) [rather than Eq. (11)]. Thus, in the limit of large
Γ, Eq. (13) is not exactly equivalent to EF. To correct this fea-
ture, one simple approach is to increase BCME friction so that
every BCME trajectory experiences an extra damping γe ,b(x)
− γe(x). Obviously, this factor is applied if and only if γe(x) <
γe ,b(x). Thus, if there is an additional external source of friction
γext, the final BCME friction becomes

γBCME(x) = γext + γe,b(x) − γe(x). (14)

This concludes our discussion of the BCME.

E. Independent electrons surface hopping (IESH)
Apart from the surface hopping algorithms mentioned

above, the most well-established surface hopping protocol
for modeling dynamics at a metal surface is Shenvi, Roy,
and Tully’s IESH model.15 IESH is a generalization of the
fewest switch surface hopping (FSSH)20 algorithm systems
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with many electrons. We will now briefly review the IESH
approach.

According to IESH, we begin by rewriting the Hamiltonian
in Eq. (2) as

H =
p2

2m
+ U0(x) + Hel,

Hel = h(x)d†d +
M∑
n=1

εnc†ncn +
M∑
n=1

Vn(x)(d†cn + c†nd).
(15)

If we diagonalize Hel in Eq. (15), we obtain a one-electron
orbital basis {φj } so that we can rewrite the Hamiltonian
as15

H =
p2

2m
+ U0(x) +

Ne∑
j=1

λj(x)b†j bj , (16)

where b†j and bj are creation and annihilation operators for φj,
respectively. The electronic eigenstates can then be expressed
as Slater determinants ��j

〉
= ��j1, . . . , jNe

〉
, where j ≡ (j1, . . . , jNe ) is

a vector of indices denoting occupied orbitals.

Now, the basic Ansatz of IESH is to propagate this elec-
tronic wave function |Ψ〉 according to Hel, while Hel is chang-
ing because of nuclear motion. At t = 0, |Ψ〉 is initialized
by a specific set of orbitals ��j

〉
. Because Hel is an electronic

Hamiltonian without electron-electron interactions, it follows
that the wave function always remains a Slater determinant
��Ψ(t)

〉
= ��ψ1(t)ψ2(t) . . . ψNe (t)

〉
.

As for the nuclei, all nuclear motion is propagated along
the adiabatic potential energy surface (PES) labeled by j, with
energy

E(x) = U0(x) +
Ne∑
m=1

λjm (x). (17)

To take non-adiabatic affects into account, IESH allows sur-
face hops between different adiabatic, PESs, e.g., from ��j

〉
to

��k
〉
, with a probability

gj→k = max



−2ReA∗jkẋξkj

Ajj
∆t, 0




. (18)

For a hop to occur, the state ��k
〉

can differ from state ��j
〉

by
only one orbital at a time, i.e., ��k

〉
= ��k1 . . . ki−1kiki+1 . . . kNe

〉
and

��j
〉
= ��j1 . . . ji−1jiji+1 . . . jNe

〉
= ��k1 . . . ki−1jiki+1 . . . kNe

〉
. The deriva-

tive coupling in Eq. (18) is defined as ξkj ≡
〈
φki

���∂xφji
〉
, and Ajk is

defined as15

Ajk =
〈
j��Ψ

〉〈
Ψ��k

〉
. (19)

For a given k,
〈
k��Ψ

〉
can be evaluated as the determinant of the

overlap matrix S (i.e., det(S)), whose elements are

Spq =
〈
φkp

���ψq
〉
. (20)

Similar to FSSH, IESH imposes a momentum adjustment to
enforce energy conservation when a hop takes place, and an
upward hop is frustrated if a particle cannot provide sufficient
kinetic energy for the adjustment.

Finally, after we have propagated trajectories, if we want
to evaluate the impurity population, we use the following
expression:

N =
Ne∑
µ=1

���
〈
d���ψµ

〉���
2
. (21)

1. IESH with thermostat
One disadvantage of the IESH algorithm described above

is that one does not impose a Fermi level for the metal. Instead,
the Fermi level characterizing a metal is enforced only by
the number of electrons included and effectively one usu-
ally assumes zero temperature. Alternatively, one can define
a temperature through an ensemble of different IESH initial
conditions. In either case, one cannot use IESH to model con-
duction between two metals with different Fermi levels. Fur-
thermore, without a huge bath of orbitals, the simulation may
not be reliable for long times (since there is no external relax-
ation imposed and detailed balance is not assured). To partly
address these issues, Shenvi and Tully have suggested adding
an electronic thermostat.23 With an electronic thermostat, at
every time step, with a probability of ∆t/τ (where τ is the aver-
age time scale of the thermostat), one attempts to hop from an
occupied orbital i to an empty orbital a; i and a are picked ran-
domly. If energy λa < λi, the attempt is accepted immediately;
if λa > λi, then the attempt is accepted with a probability of
e−(λa−λi)/kT.

III. RESULTS
A. Simulation details

The potential surfaces we will investigate are from the
standard double-well model26,28,49

U0(x) =
1
2
mω2x2,

U1(x) =
1
2
mω2(x − g)2 + ∆Go.

(22)

The parameters used for our model are (units: a.u.) m =
2000, ω = 2.0 × 10−4, g = 20.6097, ∆Go = −3.8 × 10−3, and
kT = 9.5 × 10−4. The parameters are chosen according to
Ref. 28. The corresponding surfaces are plotted in Fig. 1.

For a small Γ, the standard Marcus rate can be evaluated
as28,50

kMarcus = k0→1 + k1→0,

k1→0 =

∫
dε
Γ(ε )
~

(1 − f(ε ))
e−(Er−∆Go+ε )2/4ErkT√

4πErkT
,

k0→1 =

∫
dε
Γ(ε )
~

f(ε )
e−(Er+∆Go−ε )2/4ErkT√

4πErkT
.

(23)

Here the reorganization energy is Er ≡ mω2g2/2.

To investigate the dynamics and perform time evolution,
we first initialize trajectories at thermal equilibrium in the
U0 well. Unless noted otherwise, the electronic orbitals of
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FIG. 1. The original and broadened energy surfaces used in this paper. U0 and U1

are the original diabatic surfaces [see Eq. (22)]; Ub
0 and Ub

1 are the broadened

diabatic surfaces with Γ = 1.6 × 10−3 [see Eq. (12)].

the metal are prepared at zero temperature (i.e., the lowest
orbitals are always occupied). After that, we propagate these
trajectories using either BCME, CME, EF, or IESH dynamics.
For the propagation, we use the velocity Verlet integrator for
the nuclear degree of freedom (DoF) and the RK4 integrator
for the electronic DoF. All trajectories are subject to external
nuclear friction γext = 2mω, which enforces a critical-damping
limit rather than an over-damped limit.72,73 Finally, electron
transfer rates are evaluated by fitting the time evolution of the
impurity population to the function Ae−kt + B. Some of our sim-
ulations have been implemented on our own cluster and some
have been carried out on the Extreme Science and Engineering
Discovery Environment (XSEDE) supercomputer.51 For IESH,
the number of electron Ne is set to be M/2 and the lowest Ne
orbitals in the band are occupied at t = 0. To satisfy the Condon
approximation, we let Vn be independent of x. Furthermore, to
satisfy the wide band approximation, we choose Vn such that
Γ(εn) = 2πV2

nρ is independent of n, i.e.,

Vn =

√
Γ

2πρ
. (24)

Here the density of one electron states is ρ = M/2W.

B. Dynamics for different combinations of W and M
In Fig. 2, we plot the impurity hole population (1 − N,

where N = 〈d†d〉) as a function of time as predicted by both
IESH and BCME. Given our intent to explore Marcus theory
and the wide band limit, different combinations of bandwidth
(2W) and bath orbital number (M) are investigated. We observe
that one must be very careful when extrapolating IESH results
to the wide band limit: (i) For a given Γ and bandwidth, IESH
converges as M increases (but not usually to the wide band
limit value). (ii) For a given Γ and density of one electron states
M/2W, IESH converges as W increases (but again not neces-
sarily to the wide band limit). (iii) For large enough W and large
enough M/2W, IESH results converge to BCME results and
recover the long time equilibrium both for large Γ and small Γ.

FIG. 2. We plot the hole population of the impurity site (1 − N(t),N =
〈
d†d

〉
) for

BCME and IESH as a function of time. IESH results are calculated with different
combinations of W (bandwidth parameter) and M (number of bath states). We
report results as IESH(2W, M). See Sec. II A for details. For a given bandwidth,
IESH dynamics converge as M increases, but these results are not usually in the
wide band limit value. If the density of one electron states is large enough, IESH
dynamics can be extrapolated to the wide band limit by increasing W. Smaller
values of Γ require more states (i.e., larger M) for convergence. In general, for a
large enough bandwidth and large enough density of one electron states, the IESH
results closely recover the BCME rates and equilibrium populations, especially for
small Γ.

Of course, including a large number of one electron states
is computationally demanding and we would prefer a very effi-
cient means to obtain a converged result. As Fig. 2 shows,
however, there is no obvious means to obtain such conver-
gence of IESH beyond brute force, i.e., increasing both W and
M/2W (see the Appendix for more details). Nevertheless, from
these observations, we conclude that the IESH results should
reduce to well-known physical results for a wide enough
electronic bandwidth and dense enough set of electronic
states.

C. Relaxation rates
Next, in Fig. 3, we fit all dynamics to Ae−kt + B and plot

relaxation rates as a function of coupling strength (see Table I
for exact parameters).74 For comparison, we also plot results
according to Marcus theory,75 CME, and BCME. The latter
results were reported previously in Ref. 28. As discussed in
Ref. 28, in the small Γ limit, both the CME and BCME success-
fully recover the Marcus rate; as Γ increases, Marcus theory
predicts too fast a relaxation, while the CME predicts too slow
a relaxation. The BCME results can be considered reliable for
all different Γ (small or large). From Fig. 3, we observe that
IESH rates agree well with BCME rates for small Γ; for large
Γ, IESH rates are slightly slower. Although we have not run
simulations for even smaller Γ due to the prohibitive computa-
tional cost (see Sec. IV A), based on the existing data, it appears
that the IESH results should be considered reliable for this
model.

As a side note (see Sec. III F), we also notice that including
a thermostat degrades the accuracy of IESH dynamics.
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FIG. 3. Relaxation rates as a function of Γ for different algorithms as obtained
by fitting 1 − N(t) = Ae−kt + B. The BCME rates can be considered as very reli-
able, correctly interpolating from the nonadiabatic regime (where BCME and CME
dynamics are identically equal to the Marcus rate) all the way to the adiabatic
limit. IESH rates are close to BCME rates for both large and small Γ, suggesting
that (when properly converged) IESH should be reliable for this model problem.
By adding an electronic thermostat to IESH, the relaxation rates increase when a
smaller τ is applied, which would appear to make the results worse (and farther
from Marcus theory). Here, to observe a meaningful effect, we have chosen 1/τ
> Γ for all but one point. Clearly, as the ratio Γ/τ → 0, the IESH dynamics lose
accuracy. For discussion of electronic thermostats, see Sec. III F.

D. Long time limit
Beyond dynamics, a useful quantity in the study of nona-

diabatic phenomena is the long time equilibrium population.
One of the strengths of surface hopping methods is that,
because of forbidden hops, these methods should approxi-
mately recover the correct equilibrium population52,53 (and
preserve detailed balance). In Fig. 4, we plot equilibrium popu-
lations as a function of Γ for both BCME and IESH algorithms.
The BCME and IESH equilibrium populations are approxi-
mated by the fitting parameter B in Ae−kt + B. We also calculate
the correct equilibrium population (assuming classical nuclei)
using the following formula:54

Neq =
∫ dxn(h(x))e−U

adiab
b (x)/kT

∫ dxe−U
adiab
b (x)/kT

. (25)

Here Uadiab
b (x) is defined in Eq. (8). One can easily verify

that both BCME and IESH predict equilibrium populations

TABLE I. Parameters and CPU time per trajectory to reach equilibrium. Γ is the
hybridization function [Eq. (10)], the band range is [−W, W ], M is the number of
states, dt is the classical time step, dtq is the quantum time step, and T is the total
time in multiples of dt (i.e., the total number of time steps).

Γ 2W M dt dtq T IESH BCME (s)

1 × 10−4 200Γ 200 10 1 5.0× 105 10 h 0.6
4 × 10−4 80Γ 80 10 1 3.0× 105 27 min 0.3
1.6 × 10−3 10Γ 40 10 1 1.8× 105 15 min 0.2
6.4 × 10−3 10Γ 40 10 1 1.2× 105 10 min 0.2

FIG. 4. Equilibrium population as a function of Γ. The exact population is calculated
from Eq. (25). Because the BCME reduces to the CME in the small Γ limit (and
CME must recover the correct equilibrium population) and the BCME reduces to
EF in the large Γ limit (and EF must recover the correct equilibrium population),
the BCME algorithm is guaranteed to yield the correct equilibrium population in
both the small and large Γ limits. Here we see that IESH also nearly recovers the
exact population as well.

that are very close to the exact equilibrium population for
all Γ.

E. External friction
At this point, we have shown that, when converged with

regards to W and M, the IESH results mimic the BCME
results almost quantitatively. And yet this equivalence must
be surprising. After all, without an electronic thermostat, IESH
dynamics are partly ignorant of temperature. The initial elec-
tronic state is at 0 K. All temperature information is stored
only through (i) the initial distribution of velocity for the
nuclear trajectories and (ii) the external nuclear friction.

With this in mind, we now explore the influence of exter-
nal friction on all dynamics. Whereas all previous results were
obtained with external nuclear friction γext = 2mω, we will
now set γext = 0 and evolve the system without any exter-
nal friction. The trajectories are prepared with the nuclear
position and velocity equilibrated to a temperature kT0 = 5kT.
For these simulations, we will initially populate all metal-
lic orbitals according to a Boltzmann distribution at a finite
temperature (as given by an electronic thermostat). In other
words, we turn a thermostat on during equilibration (when
nuclei are frozen), but we turn the thermostat off during the
actual nuclear dynamics period (when the nucleus is allowed
to move). All the results are plotted in Fig. 5. For refer-
ence, we plot the results using CME, BCME, and broadened
EF.

From the short time data in Fig. 5, we find that, with-
out external nuclear friction, BCME always predicts a much
faster electronic relaxation than IESH (for both BCME flavors).
In fact, IESH dynamics appear to relax even more slowly than
both CME and EF dynamics, which suggests that these dynam-
ics may not be accurate; after all, since CME and EF represent
opposite extremes, one might expect the correct relaxation
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FIG. 5. Time evolution for the zero external nuclear friction case. We plot both
the population of the hole impurity (1 − N) as well as the nuclear kinetic energy
(Ek ). Here Γ = 6.4 × 10−3, γext = 0. For clarity, eight algorithms are plotted sep-
arately: (a) the electronic relaxation according to CME, the two flavors of BCMEs
(without broadened friction and with broadened friction), and broadened EF; (b)
the kinetic energy relaxation according to CME, BCME, and broadened EF; (c)
the electronic relaxation according to BCME with broadened friction, IESH (zero
T), IESH (finite T), and IESH with the electronic thermostat; (d) the kinetic energy
relaxation according to BCME with broadened friction, IESH (zero T), IESH (finite
T), and IESH with the electronic thermostat. The small window on each plot rep-
resents the corresponding short time dynamics. The system is initially prepared
at 5kT so that Ek = 2.5kT at time zero. Only 250 trajectories are used here due
to the prohibitive computational cost of IESH. Gray dashed lines are the correct
equilibrium limits. For electronic population, IESH relaxes much slower than either
BCME or electronic friction. In fact, IESH relaxes even more slowly than the CME,
indicating that the IESH electronic dynamics may not be believable. For nuclear
dynamics, BCME with either broadened friction or broadened electronic friction
relaxes to the correct kinetic energy limit (while IESH does not). Furthermore, IESH
dynamics do not appear to be sensitive to the initial electron temperature (zero T
vs finite T). By adding an electronic thermostat, IESH can recover both the correct
electronic population and nuclear kinetic energy at long times. Here, we choose
two different relaxation times τ = 100 and τ = 500 so that we have 1/τ > Γ and
1/τ < Γ. In both cases, however, the short time dynamics are unchanged and
slow compared to all other approaches.

rate to lie somewhere between these limits. Perhaps most
interestingly, for nuclear dynamics, we find that both BCME
(with broadened friction)76 and electronic friction recover the
correct population and kinetic energy, while IESH does not (at
least for all times we can afford computationally).

To explain these features, we note that, when modeling
this closed system with zero nuclear friction case, IESH tra-
jectories appear to oscillate back and forth without enough
energy dissipation such that the system apparently does not
reach equilibrium correctly in a measured time. Furthermore,
the dynamics of the impurity population (as predicted by IESH)
appear not to depend on initial conditions [see “IESH (finite
T)” and “IESH (zero T)” in Fig. 5]. Altogether, from Fig. 5, one
can hypothesize that IESH does not necessarily recover the
correct long time equilibrium state.77 That being said, accord-
ing to the data in Figs. 2 and 3, the presence of external
nuclear friction correctly fixes up this IESH problem; including

FIG. 6. Time evolution for IESH with an electronic thermostat in the presence of
external friction. (a) Γ = 6.4 × 10−3. We note that different τ do not yield signif-
icant differences; (b) Γ = 1.6 × 10−3. Not surprisingly, we find that including an
electronic thermostat increases the relaxation rate: The smaller the τ, the faster
the relaxation. In this case, we also see a slightly increased value of 1 − N at
equilibrium in the presence of an electronic thermostat.78

external friction and random force for the nuclei can com-
pel the electronic system to equilibrate correctly to a non-
zero temperature (rather than the metallic electronic system
forcing the nuclei to freeze and approach 0 K).

F. IESH with electronic thermostat
From the data in Figs. 3 and 5, we see that IESH can match

Marcus theory and BCME in the presence of external friction
so as to drive equilibration at long times; without external fric-
tion, equilibrium may not be reached. As emphasized above,
however, another approach for driving IESH to equilibrium is
to add an electronic thermostat. Thus, in Fig. 6, we show that
adding such a thermostat can indeed speed up the relaxation
rates in the presence of external friction while slightly increas-
ing the equilibrium population.78 It is observed that, for the
Γ = 6.4 × 10−3 case (see the left panel in Fig. 6), the dynamics
with different τ are basically identical; while for Γ = 1.6 × 10−3

case (right panel in Fig. 6), the relaxation is significantly faster
for smaller τ. The effects of thermostats on relaxation rates
are also plotted in Fig. 3. From the data, one can surmise
a simple trend here: using an IESH thermostat results in a
faster relaxation rate. We note that sometimes this faster
rate is more accurate than dynamics without a thermostat;
other times, including a thermostat leads to worse results79

(Figs. 3 and 6).

Finally we can also investigate the effect of a thermostat
for the zero external friction case. Results for IESH with dif-
ferent τ are plotted in Fig. 5. We find that the IESH results
with a thermostat do reach the correct long time limit much
faster than running dynamics without a thermostat, both for
electronic population and nuclear kinetic energy. However,
for short time dynamics, adding a thermostat turns out to have
almost no affect.

IV. DISCUSSION
Thus far we have shown that IESH is a reliable algorithm

in the presence of external friction and that IESH recovers
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Marcus theory when the bandwidth is large enough. However,
the accuracy of IESH would appear to be dependent on the
presence of external friction to drive the dynamics to the cor-
rect equilibrium. At this point, there are a few details we would
like to discuss.

A. Simulation cost
A summary of the computational time required for the

system to reach equilibrium is listed in Table I. In practice, we
notice that, in order to recover converged results, the com-
putational cost of IESH is typically much more expensive than
that of BCME (>1000 times). The computational cost of IESH
depends strongly on the bath discretization scheme, as the
algorithm treats bath orbitals explicitly; the algorithm scales
∼M2, where M is the number of the bath orbitals. Clearly,
there is a strong need to use improved sampling for the
manifold of bath states. Unfortunately so far, we have not
been able to recover converged results easily with the dis-
cretization scheme proposed in Ref. 15 (see the Appendix for
details). Without an effective discretization scheme, the BCME
algorithm is obviously a much cheaper (though less general)
algorithm for simulating metal-molecule electron transfer for
large systems.

B. Obstacles for progress
Although both the BCME and IESH performed reason-

ably well in the 1-D model in Eq. (22), there are still many
questions to be answered. First, with regard to BCME, in
order to simulate a realistic system, we must go beyond
the wide band approximation. Doing so will require a non-
trivial extension of BCME dynamics, which presumably can be
accomplished through the addition of multiple molecular
orbital levels.55 This remains to be accomplished. Second, with
regard to IESH, another open question is, how to choose an
optimized relaxation time τ? And, in particular, without exter-
nal friction, is there a robust approach for choosing τ whereby
we recover the correct equilibrium results without sacrificing
accurate short time dynamics? Finally, we can always wonder:
is it possible to somehow combine BCME and IESH so that we
can obtain a scheme that is both cheap and generalizable? We
do not yet have answers for these questions, and this is an
exciting time to study dynamics near a metal surface.

V. CONCLUSIONS AND OUTLOOK
To summarize, we have investigated molecule-metal

electron transfer within a generalized AH model with two dif-
ferent surface hopping algorithms: BCME and IESH. We find
that:

• IESH can produce converged dynamics only if both the
bandwidth (2W) and the number of the one electron
states are large enough.

• In the presence of external friction, the converged
IESH results typically agree with the BCME results
for both relaxation rates and equilibrium populations.

In the small Γ limit, both sets of results recover the
Marcus rate. As Γ increases, the IESH relaxation rates
are slightly smaller than the BCME results. IESH always
recovers an accurate equilibrium population at long
time.

• In the limit of zero nuclear friction, IESH predicts an
extremely slow electronic relaxation rate and is not
able to recover the equilibrium kinetic energy or elec-
tronic populations within a computationally feasible
amount of time. Apparently, IESH is not able to predict
the correct dynamics without the presence of external
friction to maintain the correct temperature for long
times.

• Adding an electronic thermostat to IESH apparently
increases all relaxation rates. As τ gets smaller, these
relaxation rates always increase. For the case of zero
nuclear friction limit, including an IESH thermostat
successfully recovers the correct electronic popula-
tion and kinetic energy for the system at equilib-
rium, but the accuracy of short time dynamics is
unknown.

Overall, given that surface hopping methods are very
often the only feasible dynamics algorithms for modeling
coupled nuclear-electronic dynamics near a metal surface
where nuclear motion can be considered classical, let us now
summarize the status of surface hopping dynamics, IESH vs
BCME, for those wishing to run practical simulations. On the
one hand, BCME dynamics have been benchmarked against
exact quantum dynamics29 for steady-state currents and
we believe these dynamics should be accurate for modeling
metal-molecule electron transfer in the limit of high temper-
atures (such that all nuclear motion can be considered clas-
sical). These dynamics are guaranteed to reach the correct
thermal equilibrium; they are also very computationally effi-
cient. The downside of these dynamics is that it is difficult
to include more than two electron states of the same charge;
including multiple states necessitates merging BCME dynam-
ics with standard FSSH dynamics, which has not yet been fully
optimized (despite encouraging initial results55).

On the other hand, IESH dynamics are far more general
than BCME dynamics and can treat arbitrarily many excited
states (provided there are no electron-electron interactions).
That being said, however, IESH is far more expensive than
BCME, and the present results indicate that IESH will not
necessarily be reliable for gas phase molecule-metal scat-
tering. Nevertheless, for reactions at a metal-liquid inter-
face, all indications are that IESH dynamics should be as
reliable as FSSH calculations in solution (again provided
electron-electron interactions are not crucial). Future devel-
opment of the IESH approach may well benefit from com-
parisons against a rigorous quantum-classical Liouville equa-
tion,36,41–45 along the lines of what has been achieved for
FSSH with a handful of electronic states.43,56 Just as deco-
herence corrections improved the FSSH algorithm,57–68 minor
changes to the IESH algorithm may well lead to improved
accuracy.
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Finally, before concluding, we should emphasize that our
outlook above must be regarded with just a small grain of salt.
Without exact quantum data, we have used Marcus theory
and basic common sense to assess the performance of IESH
vis-a-vis BCME dynamics. In the future, the field of metal-
molecule dynamics will greatly benefit from the presence
of easily available benchmark data for the non-equilibrium
dynamics of a particle near a metal. Such data should be possi-
ble, in principle, using either the hierarchical quantum master
equation (HQME)69 or the real time quantum Monte Carlo
approaches.70,71 We hope this paper helps spur the creation
of such a necessary benchmarking data set.
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APPENDIX: PRACTICAL CONVERGENCE
OF IESH TO THE WIDE BAND LIMIT
1. Convergence criteria

The results in Fig. 2 indicate that IESH will converge to
the BCME results in the limits of large W and large M. To
understand why convergence appears tricky, note the follow-
ing three conditions:

1. To reach the wide band limit, the metal bandwidth 2W
must be significantly larger than the coupling strength Γ
(i.e., 2W � Γ).

2. Consider the schematic diabatic states plotted in
Fig. 7. When a particle is moving along an adiabatic
corresponding to a single electron determinant electron
states, the particle can hop only to those states that dif-
fer by a single orbital; states differing by more than one
orbital are only indirectly coupled. Thus, for example, in
Fig. 7, let 1 be the initial state. Note that 1 is directly cou-
pled to 1′, 2′, and 4′, but not to 3′; 2′ is directly coupled to
1 and 3, but not to 2, etc.

As the simulation moves forward, a particle effec-
tively hops back and forth between states with the impu-
rity occupied or unoccupied, and the bandwidth must
be chosen to be large enough such that trajectories can
sample all such relevant states (1, 1′, 2, 2′, 3, 3′, 4′,. . .). For
particles initialized with the impurity unoccupied at tem-
perature kT, given that a reactive trajectory needs only to
cross the barrier from a donor to an acceptor, the high-
est possible energy they must sample is roughly Ebarrier
+ O(1)∗kT. Here, for a converged result, we may safely

FIG. 7. Schematic diabatic states of the system. The solid lines and dashed lines
are the ground and excited diabatic states, respectively. The red lines represent
states with the impurity orbital occupied, while the green lines represent states
with the impurity orbital unoccupied. Several representative electron distributions
for unoccupied and occupied states are also plotted. Note that states 3′ and 4′

are degenerate. The hopping map of possible hopping schemes is complicated.
The initial state 1 is coupled to states 1′, 2′, and 4′; state 1′ is coupled to states
1 and 2; and state 2 is coupled to states 1′ and 3′. The requirements for reaching
equilibrium are very demanding in the small Γ limit.

assume that barrier crossings occur with no more than
3kT of excess energy.

Finally, for the model problem in Fig. 2, the donor
and acceptor energy surfaces are not symmetric. Thus in
order to reach the thermal equilibrium, all states below
Ebath + 3kT must be equivalently sampled. For our pur-
poses, this implies that for converged results, we must
choose the benchmark of metallic one-electron orbitals
to be W ≈

���∆G
o��� + Ebarrier + 3kT ≈ 0.032. According to

Fig. 2, such a choice does yield approximately converged
results.

3. As we are interested in an irreversible electron transfer
process between a molecule and a bath, the energy spac-
ing between the neighboring states must be small com-
pared to the molecule-metal coupling. In other words, we
require a large enough density of states. Note that this
requirement is not as strong as enforcing 2W/M � Γ as
the spacing between many body states need not neces-
sarily be equal to the spacing between one electron states
in the bath. Obviously, the former may be much smaller
than the latter. That being said, in the small Γ limit, we
find that the number of bath orbitals M must be quite
large to satisfy all of the requirements above.

Altogether, these requirements explain why the IESH
simulation is hard to converge as Γ decreases in Fig. 2.

2. Non-uniform discretization schemes
As we stated in Sec. IV, an optimal discretization scheme

should predict the correct dynamics while keeping the num-
ber of bath orbitals relatively small. However to capture accu-
rate dynamics with a non-uniform discretization scheme,
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one must at the very least be sure that the set of bath
orbitals near the Fermi level form a dense manifold. That
being said, at the same time, to save computational cost, the
one-electron orbitals far from the Fermi level must be more
sparsely distributed—while still finding the correct long time
equilibrium limit as well.

In our calculations, we have found it is extremely hard
to find such a numerically well-defined density of one
electron states that can produce the correct, converged
results when there are only 20-80 orbitals in total. For small
Γ, we always find that a very broad set of bath orbitals is nec-
essary for the reasons discussed above. To make problems
worse, we also find that defining the density of one electron
states ρ as the difference between energy levels can be numer-
ically unstable for certain discretizations, yet such a density
of one electron states is necessary to form the correct over-
all decay rate Γ

~ =
2πρ
~ V2. For this reason, we have stuck here

with a safe, but expensive, uniform discretization, rather than
Shenvi’s discretization scheme.15
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