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Electronic Relaxation in Benzaldehyde Evaluated via TD-DFT and
Localized Diabatization: Intersystem Crossings, Conical Intersections,
and Phosphorescence
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ABSTRACT: The photophysics of benzaldehyde are analyzed through the lens of
TD-DFT adiabatic excited states and Boys or Edmiston−Ruedenberg localized
diabatic states. We predict rate constants for two processes in excited benzaldehyde:
(i) the intersystem crossing from S1 → T2 and (ii) the phosphorescence from T1 →
S0. We also study (iii) the conical intersection between T2 and T1 that is putatively
responsible for an ultrafast internal conversion process, T2 → T1. In agreement with
Ohmori et al. (J. Phys. Chem. 1988, 92 (5), 1086−1093), our results suggest that the
S1 → T2 intersystem crossing in benzaldehyde is rapid not only because of a large
spin−orbit matrix element (i.e., El-Sayed’s rule) but also because of a fortuitously
small energy barrier. Furthermore, when studying the T2 → T1 internal conversion,
we ﬁnd that both Boys and Edmiston−Ruedenberg localization give remarkably stable
and accurate diabatic states which will be useful for ongoing studies of dynamics near
conical intersections. To our knowledge, this is the ﬁrst example whereby localized diabatization techniques have been tested and
have successfully recovered the topology of a conical intersection.

I. INTRODUCTION
A. Benzaledhye and Its Cascade of Electronic
Relaxation. The photophysical processes of benzaldehyde
have been extensively studied for decades.1−10 It is commonly
accepted that most aromatic carbonyl compounds, exempliﬁed
by benzaldehyde, benzophenone, etc., are weakly ﬂuorescent,
processing a very small value of ﬂuorescence quantum yield
(ΦF ∼ 0.0001−0.01) when compared to that of aromatic
hydrocarbons (ΦF ∼ 0.1−1).11 Assuming the electronic
relaxation is not purely vibronic, this feature implies a relatively
fast intersystem crossing (ISC) process for aromatic carbonyls
from the singlet state to the triplet state, which is putatively
promoted by strong spin−orbit couplings.11 The robust
phosphorescence of aromatic ketones also suggests a fast ISC
process, which further highlights the importance of ISC in
studies of the functional properties of organic chromophores.
Because benzaldehyde is the smallest aromatic carbonyl
compound, and because the molecule phosphoresces intensely,
quantifying the transient photophysics of benzaldehyde is
essential for a broad understanding of electronic relaxation in
organic molecules with triplet channels.
As a practical matter, benzaldehyde is known to have a
complex manifold of n−π* and π−π* excited states, both
singlet and triplet. Previous experimental results1−6 show that
the two lowest excited singlet states, S1 and S2, are assigned to
n−π* and π−π* transitions, respectively. While benzaldehyde
dissociates to benzene and carbon monoxide after being excited
to the S2 state, according to both photolysis2,12 and
multiphoton ionization (MPI) experiments,13−15 if we consider
only photophysical processes (without bond making or
breaking), then there are only four states of interest for
© 2013 American Chemical Society

benzaldehyde: S0, S1, T1, and T2. For convenience, see the
schematic graph shown in Figure 1.
The origin of S1(n−π*) is found to lie 26 919 cm−1 above
the ground state with weak intensity as measured by sensitized
phosphorescence excitation spectrum.1 Following excitation to
the S1 state, benzaldehyde undergoes a rapid ISC to the π−π*
triplet state.1,16−19 The eﬃciency of S1 → T ISC is near unity in
the vapor phase according to the absorption and phosphor-

Figure 1. Schematic graph of the photophysical process in
benzaldehyde.
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escence excitation spectra.20 The two lowest triplet states,
T1(n−π*) and T2(π−π*), are found lying below the S1 state
and close to each other, whereas only the n−π* triplet state has
been successfully located in the gas phase.1,2,7,21,22 The band
origin of T1(n−π*) lies ∼25 180 cm−1 above the ground state
from the phosphorescence excitation spectrum of isolated
benzaldehyde,1,22 which is slightly below the S1 origin.
Experimental data obtained from spectroscopic studies of
beam-isolated benzaldehyde implicitly shows that the slight
congestion of spectral lines in excess vibrational energy of 1
000−1 350 cm−1 above the T1(n−π*) origin can be attributed
to the onset of the T2(π−π*) state.22 The interconversion of
these two states has also been observed in the same study,
implying an eﬃcient internal conversion (IC) from the
T2(π−π*) to the T1(n−π*) state, the latter being the so-called
phosphorescent state.5
B. Previous Computational Studies. Several theoretical
studies have been carried out to explain the various
photophysical processes in benzaldehyde.3,8−10,16,18,23−25 Both
ISC and IC contribute to the highly phosphorescent character
of benzaldehyde by forcing the molecule into the T1 state and
therefore must be addressed. First, regarding ISC, several
authors1,9,23,26,27 have shown qualitatively the fast ISC between
S1 and T2(π−π*) states following El-Sayed rules.28 To our
knowledge, however, quantitative estimates of the ISC rate
constant have not been calculated using modern electronic
structure theory.
Second, the IC between T1(n−π*) and T2(π−π*) has been
identiﬁed recently by several groups with a conical intersection
(CI) of interest.9,10,24 Interestingly, W. Fang et al.10,24 and G.
Cui et al.9 both predict that the T1/T2 CI point of lowest
energy is nearly degenerate with S1. While these authors have
used highly accurate multiconﬁgurational levels of theory,
CASSCF and CASPT2, the demanding cost of their
calculations has precluded the study of the topology of the
T1/T2 CI seam, and the rich dynamics of the corresponding
internal conversion have not been fully investigated.
C. Outline and Motivation. In this work, we will
quantitatively investigate the electronic relaxation processes in
benzaldehyde via time-dependent density functional theory
(TD-DFT) with a long-range corrected functional ωB97X,29
working in the Tamm−Dancoﬀ approximation. Because
ωB97X includes exact Hartree−Fock exchange in both short
and long-range, it is believed to be an eﬀective way of dealing
with charge-transfer states.29 Taking advantage of the cheap
computational cost of TD-DFT, our central goal is to explore
the dynamics and photophysics of benzaldehyde, quantitatively
studying both radiationless processes (i.e., (i) ISC and (ii) IC)
as well as (iii) the phosphorescence from the T1 state to the
ground state. An outline of this paper is as follows: The
optimized geometries and excitation energies are evaluated in
Section II, followed by the analysis of the S1/T2 spin−orbit
coupling and ISC in Section III. In Section IV, we investigate
the T1/T2 CI at which point we will assess the validity of
localized diabatization methods. Finally, in Section V, the
phosphorescence lifetime of benzaldehyde from T1 to the
ground state will be evaluated.
There is always some ambiguity for the notation of the
electronic states for any system displaying an electronic
crossing or CI. For convenience, we will use T1 and T2 to
denote the diabatic states T(n−π*) and T(π−π*), respectively,
as shown in Figure 1. The energy of T2 may be less than that of

T1 at certain geometries because of the mixing between them,
but hopefully our notation will always be clear.

II. EVALUATION OF THE OPTIMIZED GEOMETRIES
AND EXCITATION ENERGIES
A. Optimized Structures for S0, S1, and T1. Every study
of electronic relaxation begins with potential energy surfaces.
The geometries of the four states of interest for benzaldehyde
(S0, S1, T1, and T2) were each optimized with the ωB97X
functional using a 6-31G** basis. The ab initio quantum
chemistry package Q-Chem was employed for all calculations.30
The character of each excited-state transition was analyzed by
the attachment−detachment31 densities shown in Figure 2,
indicating that S1, T1, and T2 involve n−π*, n−π*, and π−π*
transitions, respectively.

Figure 2. Attachment−detachment31 densities for S1, T1, and T2 states
at their optimized geometries.

Parameters for the four optimized structures are shown in
Table 1 with the corresponding atoms shown in Figure 3. All of
the optimized geometries have a nearly planar shape. The S0
optimized geometry shows a typical phenyl ring with an average
1.392 Å C−C bond length, and the CO bond length here is
1.210 Å. The structures at S1 and T1 optimized geometries are
quite similar, perhaps because they both carry a n−π*
transition. Compared with the ground state, the most
prominent change in geometry for the two n−π* states is
19840
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Table 1. Experimental and Computational Results for the Key Geometric Parameters (in Å for Bond Length and Degree for
Angles) of Benzaldehyde in Diﬀerent Optimized Geometries
S0-loc-mina

parameter
C1−C2
C2−C3
C3−C4
C4−C5
C5−C6
C1−C6
C1−C7
C7−O
C1−C7−O
C2−C1−C7

1.396
1.387
1.395
1.392
1.390
1.394
1.483
1.210
124.2
119.7

(1.388 ± 0.004)
(1.381 ± 0.004)

(1.381
(1.388
(1.480
(1.200
(126.4

±
±
±
±
±

0.004)
0.004)
0.005)
0.002)
0.3)

S1-loc-min

T1-loc-min

1.410
1.388
1.392
1.397
1.382
1.412
1.431
1.293
124.3
121.1

1.408
1.389
1.391
1.396
1.384
1.409
1.437
1.297
123.3
121.6

T2-loc-mina
1.478
1.360
1.422
1.450
1.352
1.460
1.414
1.255
122.2
119.4

(1.479 ± 0.029)
(1.322 ± 0.029)

(1.322
(1.479
(1.420
(1.263
(125.4

±
±
±
±
±

0.029)
0.029)
0.045)
0.031)
2.6)

a
Values in parentheses are experimental data given by Zewail and co-workers via the UED method, with 3σ error bars. C2v symmetry was imposed
for the phenyl ring in the experimentally ﬁt results. See ref 16.

experimental values,1 the results given by TD-DFT/ωB97X are
consistent for the triplet states and are much more satisfying
than those given by conﬁguration interaction singles (CIS),
which orders the triplet states incorrectly. As might be
expected, CIS overestimates the excitation energy of the
n−π* states because of the charge-transfer character.32 The
excitation energy of the S1 state is overestimated by ∼0.4 eV. A
complete set of S0, S1, T1, and T2 energies at all possible
optimized geometries is shown in Table 3, along with a
Table 3. Comparison of S0, S1, T1, and T2 Relative Energies
(in eV) at Diﬀerent Optimized Geometries for TD-DFT/
ωB97X (versus CASPT2 Reference Energies)
Figure 3. Schematic structure of benzaldehyde.

that the CO bond is elongated to around 1.295 Å and the
distance between the carbonyl group and the phenyl ring is
shortened by about 0.05 Å. This geometric diﬀerence is caused
by the fact that the n−π* transition couples strongly to the C
O stretching mode, which greatly changes the position of C7
and O while marginally inﬂuencing the phenyl ring. The
optimized geometry of the T2 state, which has the π−π*
character, shows a standard quinoid-type structure, and the
average C−C bond length of the aromatic ring is increased by
0.03 Å. These optimized parameters are consistent with the
experimental data given by Zewail and co-workers via ultrafast
electron diﬀraction (UED),16 which to some extent shows the
reliability of the TD-DFT/ωB97X approach to dealing with the
benzaldehyde system.
B. Adiabatic and Vertical Excitation Energies. The
adiabatic energies of S1, T1, and T2 states are shown in Table 2.
The adiabatic energy of the S1 excited states is the energy of S1
at the optimized geometry for S1 minus the energy of S0 at the
optimized ground state geometry; the adiabatic energy of T1
and T2 are calculated in a similar fashion. Compared with

a

CIS

TD-DFT/ωB97X

experimental dataa

T1
T2
S1

3.94
2.85
4.64

3.17
3.34
3.75

3.12
3.30
3.34

S0-loc-min

S1-loc-min

T1-loc-min

T2-loc-min

S0
S1
T1
T2

0(0)
4.01(3.71)
3.45(3.40)
3.78(3.49)

0.30(0.57)
3.75(3.27)
3.18(3.07)
3.64(3.39)

0.33(0.48)
3.76(3.29)
3.17(3.07)
3.64(3.40)

0.49(0.37)
4.07(3.76)
3.53(3.52)
3.34(3.16)

comparison of the CASPT2 results given by V. Molina et al.8
The good agreement between these two methods conﬁrms the
validity of the TD-DFT/ωB97X for both charge-transfer states
and noncharge-transfer states in benzaldehyde.

III. S1/T2 SPIN−ORBIT COUPLING AND INTERSYSTEM
CROSSING RATE
It is well-known that benzaldehyde’s highly phosphorescent
character is caused by a very fast ISC process between the
n−π* singlet state and the π−π* triplet state. To analyze the
rate of ISC, the one-electron Breit−Pauli Hamiltonian33 was
employed to calculate the S1/T2 spin−orbit coupling
Ĥ SO = −

Table 2. Experimental and Theoretical Results for the
Adiabatic Excitation Energies (in eV) of S1, T1, and T2 States
state

state

α0 2
2

∑
i ,A

ZA
ri A 3

(ri A × pi) ·si

(1)

where i denotes electrons and A denotes nuclei. α0 = 137.037−1
is the ﬁne structure constant. ZA is the bare positive charge on
nucleus A. In the second quantization representation, the spin−
orbit Hamiltonian in diﬀerent directions can be expressed as
Ĥ SOx = −

Given by Ohmori et al.1
19841

α02
2

̃
∑ Lxpq
pq

ℏ †
(ap aq ̅ + a p†̅ aq)
2

(2)

dx.doi.org/10.1021/jp405574q | J. Phys. Chem. C 2013, 117, 19839−19849

The Journal of Physical Chemistry C

Article

Figure 4. S1/T2 spin−orbit coupling constant along two diﬀerent interpolation coordinates, η and ξ. On the left, η = 0 refers to the Franck−Condon
point of the S1 state, and η = 1 refers to S1 local minimum. On the right, ξ = 0 refers to S1 local minimum, and ξ = 1 refers to T2 local minimum.

Ĥ SOy = −

Ĥ SOz = −

α02
2

∑ L̃ypq

α02
2

̃
∑ Lzpq

pq

pq

iℏ †
(ap aq ̅ − a p†̅ aq)
2

Figure 4 shows the total spin−orbit coupling constant for S1/
T2 as a function of nuclear geometry. The two interpolation
coordinates are deﬁned as

(3)

ℏ †
(ap aq − a p†̅ aq ̅ )
2

(4)

where L̃ α = Lα/r (α = x, y, z). The single-reference ab initio
excited states (within the Tamm−Dancoﬀ approximation) are
given by
3

|Φsinglet⟩ =

∑ sia(aa†ai + aa†̅ a i ̅ )|ΦHF⟩

s=0
|Φmtriplet
⟩=

∑ tia(aa†ai − aa†̅ a i ̅ )|ΦHF⟩

(6)

i,a
s=1
|Φmtriplet
⟩=

∑

2 tiaaa†a i ̅ |ΦHF⟩
(7)

i,a
s =−1
|Φmtriplet
⟩=

∑

2 tiaa a†̅ ai|ΦHF⟩

where sai and tai 34 are singlet and triplet excitation coeﬃcients,
1
a2
respectively, with the normalization Σiasa2
i = Σiati = /2; |ΦHF⟩
refers to the Hartree−Fock ground state. Thus, the spin−orbit
coupling constant from the singlet state to diﬀerent triplet
manifolds can be obtained as follows:
s=0
⟨Φsinglet|Ĥ SO|Φmtriplet
⟩=

⎛
α02ℏ ⎜
̃ siatib −
∑ Lzab
2 ⎜⎝ i , a , b

R(ξ) = R T2 + ξ(R T2 − R S1)

(13)

kISC =

(8)

i,a

(12)

where RS0, RS1, and RT2 (in Cartesian coordinates) refer to the
local minima of S0, S1, and T2 states, respectively.
The coupling is found to be stronger during the relaxation
process of the S1 state, increasing from ∼26 cm−1 to ∼45 cm−1,
which is quite large for organic compounds, and it slightly
decreases to ∼35 cm−1 from the S1 local minimum to the T2
local minimum. Following El-Sayed rules, we mention that the
coupling between S1 and T1 is less than 0.3 cm−1 because the
n−π* state couples weakly to another n−π* state.
Because the spin−orbit coupling is relatively weak and the
coupling element does not signiﬁcantly depend on nuclear
geometry, Marcus theory35 can be applied to calculate the ISC
rate constant from S1 to the T2 manifold36,37

(5)

i,a

R(η) = R S0 + η(R S1 − R S0)

2π
∥⟨HSO⟩if ∥2
ℏ

⎛ (λ + ΔG)2 ⎞
1
exp⎜ −
⎟
4λkBT ⎠
4πkBT
⎝

(14)

where ∥⟨HSO⟩if∥ is the spin−orbit coupling constant between
the initial state S1 and the ﬁnal T2 state manifold (eq 11), λ the
reorganization energy, and ΔG the driving force. As shown in
Figure 5, λ is the energy of T2 at the S1 optimized geometry
minus the minimum energy of T2, which is 0.274 eV. ΔG is the
energy diﬀerence between the T2 minimum energy and the S1

⎞

∑ Lzij̃ siat ja⎟⎟
⎠

i ,j,a

(9)
s =±1
⟨Φsinglet|Ĥ SO|Φmtriplet
⟩=∓

+

⎛
α02ℏ ⎜
̃ siatib −
∑ Lxab
2 2 ⎜⎝ i , a , b

⎛
α02ℏ ⎜
∑ L̃yabsiatib −
2 2 ⎜⎝ i , a , b

⎞

∑ Lxij̃ siat ja⎟⎟
⎠

i ,j,a

⎞

∑ L̃yijsiat ja⎟⎟
i ,j,a

⎠

(10)

The total (root mean square) spin−orbit coupling is given by
⟨Φsinglet|Ĥ SO|Φtriplet⟩ =

∑

s
⟨Φsinglet|Ĥ SO|Φmtriplet
⟩

2

Figure 5. Graphical representation of the reorganization energy λ and
the activation energy ΔG in eV.

ms = 0, ±1

(11)
19842
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minimum energy, which is −0.413 eV. Evaluating HSO at the S1
optimized geometry, the S1/T2 ISC rate constant kISC given by
eq 14 is 8.03 × 1010 s−1 (1/kISC = 12.5 ps), which is the same
order as the ISC rate constant of other carbonyl compounds
possessing close-lying S1(n−π*) and T(π−π*) states such as
benzophenone;11 needless to say, this rate is much faster than
the normal ISC time scale (∼ 10−8−10−3 s).38 Our result is also
close to the ISC rate constant for benzaldehyde given by S. T.
Park et al.17 via the UED experiment, which was 2.4 × 1010 s−1.
Occurring in the picosecond domain, this remarkably fast ISC
process between the S1 and T2 states, and subsequently
followed by the eﬃcient T1/T2 IC via the CI, which is expected
to be on the order of the vibrational period,10 explains both the
short lifetime of the S1 state and the fact that benzaldehyde is
highly phosphorescent but only weakly ﬂuorescent (without
considering the radiationless decay from S1).

h(R CI) ≡ ∇V (R CI)

where RCI refers to the nuclear coordinates at the CI. g and h
form the so-called branching plane or the g−h plane,39 in which
the energy degeneracy is lifted linearly.
Through a ﬁrst order approximation, the Hamiltonian at the
branching plane can then be expressed as

(15)

|Ψ2(R)⟩ = |Ξ1⟩ sin ϕ(R) + |Ξ 2⟩ cos ϕ(R)

(16)

s1 = ∇(H11 + H22) ·x

(22)

s2 = ∇(H11 + H22) ·y

(23)

(24)

iii. Notice that all 3N gradients actually lie in a single 2D
plane, the g−h branching plane. At this point, we must
make a nonunique choice of g and h that corresponds to
a unique diabatic basis.
iv. In our calculations, we check the energy diﬀerence
gradient D⃗ along a circle that is centered at R⃗ CI in the g−
h plane. If θ is the angle of rotation around R⃗ CI, we have
already computed D⃗ (θ) in step ii. We deﬁne g as D⃗ (θmax)
when θmax is chosen as the angle that maximizes ∥D⃗ (θ)∥.
v. Finally, we check for the angle that minimizes ∥D⃗ (θ)∥.
By construction, D⃗ (θmin) must be perpendicular to g and
can be deﬁned as h. Note that these deﬁnitions ﬁx a
unique choice of diabatic states. If one were so inclined,
one could construct g and h as nonorthogonal to each
other using a diﬀerent set of diabatic states, so long as
one recovers the correct adiabatic energies around R⃗ CI:

⎛ H11(R) H12(R) ⎞
⎛−G(R) V (R)⎞
⎟ ≡ S(R)I + ⎜⎜
⎟⎟
H(R) = ⎜⎜
⎟
⎝ V (R) G(R)⎠
⎝ H21(R) H22(R)⎠

E± = s1x + s2y ±

g 2x 2 + h2y 2

(25)

Once the g and h vectors (and corresponding x−y
coordinates) are determined, the mixing angle between
adiabatic and diabatic states can then be expressed in polar
coordinates as

(17)

where S(R) = [H11(R) + H22(R)]/2, G(R) = [H22(R) −
H11(R)]/2, and V(R) = H12(R). The mixing angle ϕ can be
expressed in terms of the matrix elements of the Hamiltonian

sin 2ϕ =
(18)

At a CI, two gradients of particular interest are deﬁned as
g(R CI) ≡ ∇G(R CI)

(21)

±
1
Di⃗ = [∇E2ad(R⃗ CI ± ΔR · ei⃗ )
2
− ∇E1ad(R⃗ CI ± ΔR · ei⃗ )], i = 1, ..., 3N

where R refers to the nuclear coordinates and ϕ is the mixing
angle between adiabatic and diabatic states. The Hamiltonian in
the diabatic basis can always be represented exactly as

V (R)
tan 2ϕ =
G(R)

⎛−gx hy ⎞
⎟⎟
H = (s1x + s2y)I + ⎜⎜
⎝ hy gx ⎠

where g = ∥g∥, h = ∥h∥, and x and y are two perpendicular unit
vectors which point in the directions of g and h, respectively.45
B. Computing the Branching Plane and Exact Mixing
Angle in Practice Starting from Adiabats. In practice,
given that we can compute only adiabatic energies using
electronic structure calculations, one can ﬁnd the branching
plane of a molecule as follows:
i. Find a CI point, R⃗ CI.
ii. Displace each of the 3N Cartesian coordinates in positive
and negative directions, and at every displaced point
perform (6N) gradient calculations for the adiabatic
energies:

IV. CONICAL INTERSECTIONS AND LOCALIZED
DIABATIZATION METHODS
Mathematically, a point of CI is a geometry where diﬀerent
adiabatic electronic states are energetically degenerate.39 The
eﬃciency of the radiationless transition between two states
depends critically on the derivative coupling between these two
states,40−42 which is inversely proportional to the energy
diﬀerence. At a CI, where the energy diﬀerence vanishes, the
derivative coupling goes to inﬁnity, leading to the most eﬃcient
radiationless transitions possible. Recent computational advances have enabled the location of CIs, which turn out to be
ubiquitous in polyatomic molecules42 and play a key role in
many nonadiabatic events.39,43−47 Eﬃcient algorithms have
been proposed to locate the minimum energy point at a CI
seam, most famously by Yarkony.48 In this paper, we followed
the straightforward approach from Martinez et al.,49 whereby
one applies a penalty function to minimize the energy
diﬀerence between the adiabatic states and then minimizes
the average state energy, perpetually increasing the penalty
function.
A. Simple Model Hamiltonian and Exact Mixing Angle
Starting from Diabats. To analyze a CI, the most standard
route is to start with a simple model of a linear Hamiltonian in
an exactly diabatic basis, |Ξ1⟩ and |Ξ2⟩, from which an adiabatic
basis, |Ψ1(R)⟩ and |Ψ2(R)⟩, can be generated as follows
|Ψ1(R)⟩ = |Ξ1⟩ cos ϕ(R) − |Ξ 2⟩ sin ϕ(R)

(20)

cos 2ϕ =

(19)
19843

h sin θ
(g cos θ)2 + (h sin θ )2

(26)

g cos θ
(g cos θ)2 + (h sin θ )2

(27)
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Figure 6. T1/T2 conical intersection of benzaldehyde. On the left, we plot the two potential energy surfaces in the branching plane. On the right, we
plot the potential energy surfaces as the function of one coordinate, x, in the branching space and another random coordinate in the seam space.

Figure 7. Energy-optimized structure of benzaldehyde along the CI seam (in Å for bond length and degrees for angles) and g and h vectors. The g
vector is roughly in the plane, and the h vector is out of the plane.

where ρ and θ are deﬁned by x = ρcos θ and y = ρsin θ. For
each diﬀerent direction on the branching plane, ϕ can be solved
in terms of g, h, and θ. ϕ does not depend on the radius ρ, i.e.,
the distance moving away from the CI point.
Before ending, we must address the subtlety that for a given
subspace of adiabatic states there is, in general, no
corresponding set of true diabats. As shown by Baer50 and
Mead and Truhlar,51 rigorous diabats exist only if the curl
condition is satisﬁed. Notwithstanding this limitation, approximately diabatic states can be constructed with small derivative
couplings (e.g., ref 52), and there many formulations available
in the literature to construct such quasi-diabatic states, e.g.,
conﬁgurational uniformity,53,54 the fourfold way,55−58 blockdiagonalization,59 generalized Mulliken−Hush (GMH),60−62
Boys localization,63 ER localization,64 fragment charge diﬀerence (FCD),65 fragment energy diﬀerence (FED),66−68 and
constrained DFT.69−72 As such, we interpret eqs 26 and 27 as
deﬁning the exact mixing angle between adiabats and diabats.
C. The T1/T2 Conical Intersection in Benzaldehyde.
With regard to the T1/T2 CI in benzaldehyde, we found an
energetically low-lying CI (Figure 6). According to ωB97X, we
did not ﬁnd a low-lying three-state intersection as reported by
Fang10 and Cui.9 If the CASSCF/CASPT2 calculations are

reliable, then TD-DFT is overestimating the S1 excitation
energy relative to the triplet manifold.
The geometry of benzaldehyde at the CI is shown in Figure 7
along with the g and h vectors. The CI structure is quinoid-type
with an elongated CO bond, which are the characteristics of
T(π−π*) and T(n−π*) states respectively. The g vector is
along the molecular plane and contains the C−C stretching
mode at the phenyl ring as well as the CO stretching mode.
The h vector, on the other hand, is perpendicular to the
molecular plane and roughly follows the bending mode of the
carbonyl group.
D. Localized Diabatization Method. The procedure used
in Section IV.B for calculating diabatic states (and the
branching plane) was tedious. Diabatic states are crucial for
modeling the dynamics of the electron-transfer process and it is
of great importance for calculating stable diabatic states from
adiabatic states (as evidenced by the list of diabatization
schemes referenced above). Given our focus on dynamics and
our need for very fast diabatization algorithms, we have now
applied localized diabatization methods to benzaldehyde.
The basic premise behind localized diabatization is to
generate an adiabatic-to-diabatic rotation matrix by maximizing
a localization function. Two well-known localization algorithms
are Boys localization,63 which maximizes the distance between
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Figure 8. Potential energy surfaces, mixing angle (top panels), and diabatic coupling (bottom panels) along diﬀerent paths. Both the mixing angle
and the diabatic coupling are calculated by the Boys localized diabatization method. The left two plots are along the interpolation coordinate λ,
where λ = 0 corresponds to the T1 local minimum and λ = 1 corresponds to the CI point. The right two plots are along the interpolation coordinate
ζ, where ζ = 0 corresponds to the CI point and ζ = 1 corresponds to the T2 local minimum. Note that the mixing angle is plotted according to the
(10−3) radian scale on the right-hand axis and changes very little.

the centroids of diﬀerent states, and Edmiston−Ruedenberg
(ER) localization,64 which maximizes the self-repulsion energy
of the states. Boys and ER localized diabatization algorithms are
analogous to Boys73 and ER74 orbital localization in quantum
chemistry. In the realm of nonadiabatic dynamics, the Boys
algorithm is a multistate generalization of Cave and Newton’s
generalized Mulliken−Hush algorithm (GMH).60,61 The Boys
and ER algorithms also have elements in common with
Voityuk’s FCD scheme65 and Hsu’s FED approach,66−68
though the Boys and ER algorithms (unlike the FCD and
FED approaches) do not require fragment deﬁnitions. All of
these techniques fall under the title of localized diabatization.
Taking the two-state system as an example, diabatic states
can be obtained via localized diabatization as follows:
i. Starting from two adiabatic states, |Ψ1⟩ and |Ψ2⟩, the
LD
localized diabatic states, |ΞLD
1 ⟩ and |Ξ2 ⟩, are constructed
as a function of a rotation matrix U
⎛|Ξ LD⟩⎞
⎛ |Ψ⟩ ⎞
⎜ 1 ⎟ = U⎜ 1 ⎟
⎜
⎟
⎜ LD ⎟
⎝|Ψ2⟩⎠
⎝|Ξ 2 ⟩⎠

fBoys (U) = fBoys (|Ξ1LD⟩, |Ξ 2LD⟩)
2

=

LD 2
∑ |⟨ΞiLD|μ⃗ |ΞiLD⟩ − ⟨ΞLD
j |μ ⃗ |Ξ j ⟩|
i,j=1

(29)
fER (U) = fER (|Ξ1LD⟩, |Ξ 2LD⟩)
2

=

∑ ∫ dr1 ∫ dr2
i=1

⟨ΞiLD|ρ (̂ r1)|ΞiLD⟩⟨ΞiLD|ρ (̂ r2)|ΞiLD⟩
|r1 − r2|

(30)

Here, ρ̂(r) is the electronic density at position r, i.e. ρ̂(r) =
Σiδ(r̂i − r).
iii. Once the rotation matrix U is determined, the mixing
angle ϕBoys or ϕER can be obtained by

(28)

ii. The rotation matrix U is determined by maximizing the
Boys or ER localization functions
19845

⎛ cos ϕ
sin ϕBoys ⎞
Boys
⎟
UBoys = ⎜
⎜−sin ϕ
⎟
cos
ϕ
Boys
Boys ⎠
⎝

(31)

⎛ cos ϕ
sin ϕER ⎞
ER
⎟
UER = ⎜⎜
⎟
⎝−sin ϕER cos ϕER ⎠

(32)
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A few words are now in order regarding the stunning
agreement in Figure 9. Even if localized diabatization were to
generate exactly diabatic electronic states with zero diabatic
coupling and the correct g−h plane, the agreement in Figure 9
need not be expected. After all, when we calculated g and h by
analyzing the energy diﬀerence between adiabatic surfaces in
the g−h plane, the g and h vectors were not unique (even
though they were required to be perpendicular). Thus, one
could switch g for h and vice versa. Moreover, g and h do not
even need to be perpendicular for a general diabatic basis. The
agreement in Figure 9 demonstrates, however, that by
maximizing charge localization, Boys and ER localized
diabatization seek diabatic states with maximal energy
separation, and this feature agrees with our earlier deﬁnition
of g. Lastly, note that in Figure 9 when θ is increased from 0 to
2π, the mixing angle is changed by a factor of π, i.e., |Ξ(θ)⟩ =
−|Ξ(θ + 2π)⟩. This is the expected Berry’s phase behavior for a
loop around a CI.39,76
Before ﬁnishing this subsection, we observe that if the radius
of the loop around the CI is increased, the agreement between
ϕBoys/ϕER and ϕexact is preserved over a relatively long range, as
shown in Figure 10. When the radius is as large as 0.3 Å, ϕexact
still agrees roughly with the localized diabatization results even
though the potential energies have changed dramatically. This
demonstrates that the ﬁrst-order Hamiltonian is a good
approximation when we look locally at the CI in the g−h plane.

To our knowledge, the accuracy of localized diabatization
methods has never been checked in the vicinity of a CI.75
In this work, we ﬁrst veriﬁed the reliability of Boys localized
diabatization by calculating the diabatic coupling along diﬀerent
interpolation coordinates. In Figure 8, the localized diabatization method is applied to the lowest two triplet states of
benzaldehyde. The two paths are deﬁned as
R(λ) = R T1 + λ(R CI − R T1)

(33)

R(ζ ) = R CI + ζ(R T2 − R CI)

(34)

where RT1, RT2, and RCI (in Cartesian coordinates) refer to the
local minima of the T1 and T2 states and the CI point
respectively. The mixing angle is basically a constant along the
two paths except at the CI point; note the scale on the righthand axis in Figure 8. At the CI point itself, the adiabats (and
thus ϕ) are undeﬁned. The diabatic coupling near the CI point
is almost zero, and changes nearly linearly along the two
interpolation coordinates. This is qualitatively consistent with
the topology of a CI (see eqs 21 and 26).
Second, as an even stronger means of validating these
techniques of a localized dibatization, we compare ϕBoys/ϕER
with the absolute mixing angle ϕexact, which can be calculated
around the CI (see eqs 26 and 27). As shown in Figure 9, the
perfect agreement between the mixing angles truly proves the
reliability of both the Boys and ER localized diabatization
methods around the CI area.

V. PHOSPHORESCENCE LIFETIME OF
BENZALDEHYDE
The ﬁnal relaxation step of benzaldehyde is phosphorescence to
the ground state. Extensive experimental results show that T1 is
the electronic state that accounts for benzaldehyde’s phosphorescence character.5,6,17,21,22 Theory predicts that the T1 state
strongly couples with the ground state according to the ElSayed rules, and this is also conﬁrmed by our spin−orbit
coupling constant calculation. For each spin polarization, the
phosphorescence lifetime of benzaldehyde from the T1 state
was calculated by77
1
4
=
(ΔE k )3 ∑ Mαk
τk
3ℏc 3
α

Figure 9. Mixing angle ϕ between adiabatic and diabatic states versus
branching space angle θ at r = 0.001 Å. These data show that localized
diabatization can recover the topology of at least one CI almost
exactly.

2

(35)

where k = 0, ± 1 refers to diﬀerent polarizations of the T1 state,
ΔEk is the transition energy, and Mαk is the electric transition

Figure 10. Exact mixing angle versus localized diabatization results. r refers to the distances (in Å) of the circular loop surrounding the CI point in
the g−h plane. For each loop, 36 single-point calculations were performed.
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electronic transitions through a CI in the limiting case of a
linear Hamiltonian. Unfortunately, thus far we have been
unable to globally ﬁt our potential energy surfaces and
couplings to a ﬁrst-order Hamiltonian. Going forward, given
our interest in recovering the proper T2/T1 dynamics, we will
need to either (i) redouble our eﬀorts and explore all of
parameter space for a reasonable ﬁt to a linear Hamiltonian and
then apply ref 78 or (ii) include higher-order terms so as to ﬁt
the data more closely and then develop a new dynamical model.
This work is ongoing.

dipole moment between the ground state and the triplet state.
α = x, y, z refers to diﬀerent components of the dipole moment.
The ﬁnal expression of Mkα is
∞

Mαk =

∑
n=0
∞

+

∑
n=1

⟨S0|μα |Sn⟩⟨Sn|HSO|T1k ⟩
E(Sn) − E(T)
1

⟨S0|HSO|Tn⟩⟨Tn|μα |T1k ⟩
E(Tn) − E(S0)

The averaged phosphorescence lifetime is given by
1
1
1
=
∑
3 k = 0, ±1 τk
τ

(36)
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