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ABSTRACT: We investigate barrier crossings within the context of the Anderson−Holstein model, as
relevant to coupled nuclear−electronic dynamics near a metal surface. Beyond standard electronic
friction or conventional surface-hopping dynamics, we show that a broadened classical master equation
can recover both the correct nonadiabatic and the correct adiabatic dynamics for a general escape
problem (even with possibly multiple escape channels). In the case of a large barrier with only a single
escape channel, we also ﬁnd a surprising conclusion: electronic friction can recover Marcus’s
nonadiabatic theory of electron transfer in the limit of small molecule−metal couplings. The latter
conclusion establishes a hidden connection between Marcus’s nonadiabatic theory and Kramer’s
adiabatic theory of rate constants.

1. INTRODUCTION
The Anderson−Holstein (AH) model is the most basic model
describing electron transfer (ET) at a metal surface: it captures
the necessary electronic coupling (i.e., electronic tunneling),
nuclear−electronic coupling (which leads to nuclear motion),
and electronic relaxation (which leads to broadening). In short,
the model can be considered the generalization of the simple
spin-boson model,1 but now with a manifold of donor and
acceptor states.2
While the usual AH model requires diabatic potential energy
surfaces (PESs), a generalized AH model can be written as
follows:3
H = Hs + Hb + Hc
(1a)
Hs = E(x)d†d + V0(x) +

Hb =

p2
2m

∑ (ϵk − μ)ck†ck

(1b)

(1c)

k

Hc =

nuclear−electronic coupling (E(x)). Note that, in the wide
band approximation, Γ(ϵ) is independent of energy, Γ(ϵ) = Γ.
In this report, we will work exclusively in the high
temperature limit (ω ≪ kbT) whereby the nuclear degree of
freedom can be calculated classically. Whereas there are many
studies in the literature regarding the activated nonadiabatic ET
rate between two level systems in solution,4−8 there is a far
smaller set of works in the literature studying barrier crossings
in the presence of a manifold of electronic states at high
temperatures (without tunneling) using mixed quantumclassical dynamics. A few research groups have investigated
this problem in the electrochemistry community. Mohr et al.9,10
have investigated short time dynamics (ignoring some feedback
of the solvent) to estimate rates. Mishra and Waldeck11,12 have
hypothesized two diﬀerent approaches for treating the
continuum of states: one (a “density of states” model) averages
Fermi Golden Rule rates over a degree of freedom that
implicitly represents a solvent parameter; the other (a
“potential energy curve” model) treats the nuclei explicitly
and uses a variation of Landau−Zener transition state theory.
These authors have not directly investigated the nonadiabatic
dynamic trajectories.
Now, in the molecular conduction community, there is an
enormous literature on the study of the AH model with a focus
on electron−phonon eﬀects at low temperatures, for which
vibrational degrees of freedom are kept quantum mechanical
(without passing to the classical limit). For instance, a great
deal of work with non-equilibrium Green’s functions has been
published by Nitzan and Galperin and others predicting
inelastic electron tunneling spectra (IETS) as occurs when

∑ Wk(ck†d + d†ck)

(1d)

k

E(x) represents the change in the nuclear PES that occurs when
the electronic impurity level (d†, d) becomes occupied, and μ is
the Fermi level of the bath. If V0(x) is the diabatic PES for the
unoccupied state, we deﬁne the diabatic PES for the occupied
state to be

V1(x) ≡ V0(x) + E(x)

(2)

The key parameters for the AH model are the molecule−metal
coupling (Γ(ϵ) ≡ 2π∑k|Wk |2δ(ϵk − ϵ)), the nuclear motion
(ω ≡ V0″(xeq)/m ), the temperature of the metal (T), and the
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vibrations scatter with tunneling electrons.13−16 In the context
of heterogeneous electron transfer, Wang et al. partially
diagonalized the AH model Hamiltonian to study an ultrafast
electron transfer reaction at a dye−semiconductor interface.17−20 Very recently, Wang and co-workers have investigated the dynamics of barrier crossings through reduced
density matrices21,22 in order to examine hysteresis at very low
temperatures and quantify the eﬀects of tunneling.23−26 We
also note that refs 2 and 14 have connected the rates of
electronic transport for the AH model to semiclassical Marcus
rates of ET in solution.
In the present article, our focus is not low temperature
physics (which is diﬃcult because of vibrational quanta) but
rather high temperature physics (which is more tractable). Our
goal is to implement a host of relatively new, semiclassical
techniques to directly calculate the rate of activated barrier
crossings for the AH model at classical temperatures. We will
explore barrier crossings over a range of parameter regimes, all
the way from the nonadiabatic (small Γ) to the adiabatic (large
Γ). We will focus on two dynamical approaches: surface
hopping (SH)27 and electronic friction (EF).28−30 (i) On the
one hand, SH captures the correct physics when Γ is small and
is consistent with Marcus’s theory of outer sphere ET.27 (ii) On
the other hand, EF dynamics are appropriate when nuclear
velocities are small, such that dynamics can be approximated
along a single adiabatic PESalmost in a Born−Oppenheimer
picture (with large Γ)but with a new source of electronic
friction.28−36 (iii) Beyond SH and EF dynamics, we will also
benchmark a third approach, namely, a broadened classical
master equation (BCME) approach, that we recently proposed
as an extrapolation between the two limits.3,37,38 Below, we will
show that BCME dynamics do in fact recover the correct rates
of barrier crossings in the presence of a manifold of electronic
states for all values of Γ; thus, we will conclude that BCME
trajectories can be used to guide our intuition for the
appropriate dynamics.

∂P1(x , p , t )
∂V (x , p) ∂P1(x , p , t )
p ∂P1(x , p , t )
= 1
−
∂t
∂x
∂p
∂x
m
Γ
+ f (E(x)) P0(x , p , t )
ℏ
Γ
− (1 − f (E(x))) P1(x , p , t ).
(3b)
ℏ

Here f(ϵ) ≡ 1/(1 + eβ (ϵ−μ)) is the Fermi function with β ≡ 1/
(kbT). Note that the SH dynamics in eq 3 are appropriate for
open electronic systems (where energy can ﬂow to or from the
bath when the system hops between states). These dynamics
are distinct from the more conventional, energy-conserving
dynamics proposed by Tully41 that are appropriate in a closed
system.
2.1.2. Electronic Friction. As an alternative to SH dynamics,
EF dynamics are relevant for “slow” nuclear velocities (where
the meaning of slow will be discussed below). For EF, one
propagates nuclei along an “adiabatic” potential of mean force
(PMF) subject to Langevin dynamics. One can deﬁne two
diﬀerent PMFs, one PMF with the correct broadening (BPMF)
prescribed by non-equilibrium Green’s functions3,29,30
U (b)(x) = V0(x) +

∫x

x

dx′ n(E(x′))
0

∂E(x′)
∂x′

(4)

∞

n(E) ≡

∫−∞ 2dπϵ (ϵ − E)2Γ + Γ 2/4 f (E)

(5)

and one approximate PMF without broadening
U (x) = V0(x) −

1
log(1 + e−βE(x))
β

(6)

Here, x0 is an arbitrary constant. See Figure 1a for a plot of
these potentials. At high temperature, broadening is not
important and U(x) = U(b)(x).
For the Langevin dynamics, the correct form of electronic
friction (with broadening) is3,29,30,34−36

2. THEORY
2.1. Dynamics. To begin our discussion, we review how to
propagate the dynamics for the Hamiltonian in eq 1 using SH
and EF dynamics.
2.1.1. Surface Hopping/Classical Master Equation. For SH
dynamics, we assume we are in the limit of small Γ (Γ ≪ kbT)
and, as always, classical nuclear motion (ω ≪ kbT) so that
electronic transitions between diabats are rare and there is a
valid separation of vibrational and electronic time scales. SH
dictates (as derived by Redﬁeld’s perturbation theory39,40) that
one propagate dynamics on the diabatic surfaces with hops
between them. Let P0(x,p,t) (P1(x,p,t)) be the probability
density for the electronic impurity level to be unoccupied
(occupied) at time t with the nucleus at position (x, p) in phase
space. Mathematically, one must solve the following classical
master equation (CME):27

γe(b) =

⎛ d E (x ) ⎞ 2
ℏβ
D(E(x))⎜
⎟
⎝ dx ⎠
Γ
∞

D(E) ≡ Γ

∫−∞

(7)

⎞2
dϵ ⎛
Γ/2
⎟ f (E)(1 − f (E))
⎜
π ⎝ (ϵ − E)2 + Γ 2/4 ⎠
(8)

and an approximate form (without broadening) is
γe =

⎛ d E (x ) ⎞ 2
ℏβ
f (E(x))(1 − f (E(x)))⎜
⎟
⎝ dx ⎠
Γ

(9)

Henceforward, we will refer to Langevin dynamics with eqs 4
and 7 as broadened Fokker−Planck (BFP) dynamics and
Langevin dynamics with eqs 6 and 9 as (unbroadened)
Fokker−Planck dynamics (FP) dynamics. We emphasize that,
in order to derive the notion of electronic friction, one must
necessarily throw out several terms in any derivation and take
the limit of “slow”-moving nuclei.42 Previously, we have argued
that, in the context of parabolic diabatic surfaces (with
frequency ω), electronic friction should be relevant only
when Γ > ω;30 as shown below, this condition should be
suﬃcient for the validity of electronic friction, but not always
necessary if there is a source of external, non-electronic nuclear
friction (γn ≠ 0).

∂P0(x , p , t )
∂V (x , p) ∂P0(x , p , t )
p ∂P0(x , p , t )
= 0
−
∂t
∂x
∂p
∂x
m
Γ
− f (E(x)) P0(x , p , t )
ℏ
Γ
+ (1 − f (E(x))) P1(x , p , t )
(3a)
ℏ
B
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Here, U(b)‡ is the barrier height in eq 4, and κ is a transmission
function that must be calculated (κ ⩽ 1).
Third, for an analytic rate expression that interpolates
between the Marcus nonadiabatic rate (at small Γ) and the
adiabatic rate (at large Γ), one option is to invoke Landau−
Zener theory (which can be applied in the nonadiabatic and
adiabatic limits). However, because the system is coupled to a
continuum of electron bath states, Landau−Zener theory must
necessarily require a sum-overstates approach (which must be
done carefully; see ref 12 for a good discussion). This will be
the subject of another report. Another interpolation scheme is
the Zusman approach,5,6,46,47 which is roughly as follows:

2.1.3. Broadened Classical Master Equation. Lastly, we
have recently proposed a third option for running dynamics for
the Hamiltonian in eq 1. For these dynamics, denoted
broadened classical master equation, we run SH along
broadened diabatic PESs, deﬁned as (i = 0, 1):37
V i(b)(x) ≡ Vi (x) +

∫x

x

dx′ (n(E(x′)) − f (E(x′)))
0

dE(x′)
dx′
(10)

See Figure 1a for a plot of these potentials.
As shown in ref 3, these BCME (diabatic) dynamics are
equivalent to EF (adiabatic) dynamics along BPMF (eq 4) but
with unbroadened friction (eq 9). Empirically, to date, we have
found that BCME dynamics successfully interpolate between
SH (in the limit of small Γ) and BFP dynamics (in the limit of
large Γ).3,37
One historical note is perhaps appropriate. In 2002, Mohr
and Schmickler conjectured a diﬀerent surface-hopping
scheme43 to extrapolate between the adiabatic and nonadiabatic
limits. According to their scheme, one runs nuclear dynamics
on a mean-ﬁeld potential followed by collapsing events to a
diabatic potential energy surface. Thus, the Mohr−Schmickler
proposed dynamics were in the spirit of what Prezhdo−
Rossky44 and Hack−Truhlar45 conjectured for Tully’s normal
fewest-switches surface-hopping algorithm41 in solution.
Although we do not believe these approaches can be justiﬁed
rigorously, the methods clearly have a physical motivation and
the similarity between these approaches is itself noteworthy.
2.2. Rate Constant. We will now investigate the rate of
escape for a particle which is subject to Langevin dynamics with
an external non-electronic source of nuclear friction (γn ≠ 0);
the particle must emerge from one diabatic PES (V0 in eq 1)
into another diabatic PES (V1). We start with parabolic PESs:
1
mω 2 x 2
2
1
V1(x) = mω 2(x − g )2 + ΔG°
2
V0(x) =

k Zusman−1 = kMarcus−1 + k TST−1

3. RESULTS AND DISCUSSION
3.1. Parabolic Diabats. Results for the parabolic PESs
deﬁned in eq 11 are plotted in Figure 1. Rates were obtained by
ﬁtting diabatic population to an exponential as a function of
time. We observe that as Γ increases from small to large, the
rate changes from (i) linear in Γ (which agrees with Marcus
theory, eq 12), (ii) followed but a slight leveling oﬀ, and then
(iii) eventually followed by another nearly exponential rise
(which agrees with transition state theory, eq 13). These
features have been predicted earlier by Schmickler and Mohr:43
as we increase Γ, the escape rate increases for small Γ because
one increases the probability for an electron to hop, while, for
large Γ, the rate increases because the adiabatic barrier
decreases. See ref 12. for a nice discussion of this physics. A
similar phenomenon is also seen for the ET rate of a standard
two level system in solution.48−50 Note that our prescribed
BCME (eq 10) agrees with this interpretation and interpolates
correctly from the CME to BFP, giving us a very simple picture
of the correct semiclassical trajectories.
The Zusman rates are shown in Figure 1c and agree fairly
well with our BCME results. This near agreement is perhaps
surprising because Zusman theory can be derived5,6,46,47 for a
two-state spin-boson model, whereas the physics here involve a
continuum of electronic states (rather than two). For instance,
note that electronic transitions can be delocalized according to
the surface-hopping protocol (eq 3), whereas ET is assumed to
happen only at the diabatic crossing point according to Zusman
theory. From the agreement in Figure 1c, we hypothesize that,
even for the AH model, ET between diabats must occur mostly
at the crossing point (where the Fermi function switches
quickly from 0 to 1).
3.2. Electronic Friction For Small Γ. The most surprising
feature of Figure 1 is the behavior of FP/BFP at small Γ. As
stated above, we do not expect FP dynamics to be correct for Γ
≪ ω (at least in vacuum).30 That being said, note that FP
dynamics agree with CME and Marcus theory. In fact, we now
prove a near equivalence (which will be valid for escape rates
over large barriers).
First, we rewrite Marcus’s nonadiabatic theory of ET (eq 12)
as an integral over the real space of the oscillator:39

(11a)
(11b)

The reorganization energy Er is deﬁned to be Er ≡ 1/2mω2g2.
For comparison, there are three relevant analytical rate theories.
First, in the limit of small Γ, the Marcus rate of electron
transfer is39
∞

k1 → 0 =

∫−∞

dϵ

Γ(ϵ)
e−(Er −ΔG°+ϵ)/4Er kbT
(1 − f (ϵ))
ℏ
4πEr kbT
(12a)

∞

k0→1 =

∫−∞ dϵ Γ(ℏϵ) f (ϵ) e

−(Er +ΔG°−ϵ)/4Er kbT

4πEr kbT

(12b)

Here, ΔG0 is the free energy diﬀerence between the occupied
impurity state (denoted as “1”) and the unoccupied impurity
state (denoted as “0”). Equation 12 can be derived through
many diﬀerent pathways, either starting with Fermi’s Golden
Rule or using Redﬁeld theory.8
Second, in the limit of large Γ, all dynamics are adiabatic
along a BPMF (eq 4). Provided that electronic friction is small
(see eq 7), one can use straightforward adiabatic transition state
theory (TST) for the rate:
k TST

(b) ‡
ω
= κ e − βU
2π

(14)

∞

k0→1 =

−βV0(x)

∫−∞ dx ℏΓ f (E(x)) e Z

0

(15)

Here, Z0 is the partition function for V0(x); for the harmonic
case in Figure 1, Z0 =
can be written as

(13)
C

2π /(βmω 2) . According to eq 6, eq 15
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Equation 16 was obtained long ago by Morgan and Wolynes,51
Ulstrup,52 and Levich.53
Second, we treat FP dynamics with electronic friction. Note
that, as Γ → 0, the electronic friction (eqs 9 to 7) becomes
inﬁnite. According to Kramer’s theory8 of the adiabatic rate
constant in the overdamped limit, the rate can be written as
⎡
k=⎢
⎣

xB

∞

xB

∞

∫−∞ dx e−βU(x) ∫x

⎡
=⎢
⎢⎣

∫−∞ dx e−βU(x) ∫x

⎤−1
dx′ βγee βU(x ′)⎥
⎦
dx′

β 2ℏ
Γ

−1
⎛ dE(x′) ⎞2 βU(x )⎤
′⎥
⎟e
× f (E(x′))(1 − f (E(x′)))⎜
⎝ dx′ ⎠
⎥⎦

⎡
=⎢
⎣

xB

∫−∞ dx e−βU(x) ∫x

∞

dx′

−1
β ℏ ⎛ − df (E(x′)) ⎞ dE(x′) βU(x )⎤
′⎥
e
⎜
⎟
⎠ dx′
Γ ⎝
dx′
⎦

(17)

Converting df/dx to a δ function again,
⎡
k≈⎢
⎣

xB

∫−∞ dx e−βU(x) ∫x

⎡
=⎢
⎢
⎣

xB

∫−∞ dx e

−βU (x)

∞

dx′

54

−1
dE(x′) βU(x )⎤
βℏ
′⎥
e
δ(x′ − xB)
dx′
Γ
⎦

β ℏ dE(x)
dx
Γ

⎤−1

e
x = xB

βU (xB)⎥

⎥
⎦

−1

1 Γ
≈
Z0 ℏβ

∞

⎛ −df (E(x)) ⎞⎛ dE(x) ⎞−1 e−βU (x)
⎟
⎟⎜β
⎠⎝
Z0
dx
dx ⎠

∫−∞ dx ℏΓ ⎜⎝

≈

∫−∞ dx ℏΓ δ(x − xB)⎜⎝β

⎛

∞

−1

Γ d E (x )
=
βℏ
dx

x = xB

(18)

V0(x) = a(x 4 − bx 2)
1
V1(x) = mω 2(x − g )2 + Ed
2

e−βU (x)
Γ
k0→1 =
dx f (E(x))(1 − f (E(x)))
Z0
ℏ
−∞
∞

=

e−βU(xB)
x = xB

B
In the last line, we have approximated ∫ x−∞
exp(−βU(x)) as Z0,
again based on the large barrier approximation.
From the manipulations above, it is clear that eq 16 and eq
18 are identical, so that FP and Marcus theory should be
roughly equivalent for small Γ when there is a large barrier
preventing any escape from one diabatic well and an external
source of nuclear friction (γn ≠ 0). Thus, adiabatic dynamics
can seemingly recover nonadiabatic features.
3.3. Quartic versus Quadratic Diabatic Potentials.
Before concluding, we must emphasize that, for small Γ, even
though FP and Marcus theory may agree for the case of large
barriers, neither of these models needs to be correct and neither
one will necessarily agree with the correct CME dynamics.
Consider Figure 2 and the corresponding diabatic PESs:

Figure 1. (a) Shifted, diabatic harmonic PESs deﬁned in eq 11. The
potential of mean force (PMF, eq 6), broadened PMF (BPMF, eq 4),
and broadened diabatic PESs (eq 10) for Γ = 0.0016 au are also
shown. (b) Rates of reaction as a function of Γ for the four dynamics
algorithms. The parameters are (all in atomic units): mass m = 2000, ω
= 0.0002, g = 20.6097, ΔG ° = −0.0038, and nuclear friction γn = 2mω
= 0.8. The temperature is 300 K (so kbT = 9.5 × 10−4 au). The barrier
height for the unbroadened surfaces is 0.00256 au. The CME must be
valid for small Γ, and BFP must be valid for large Γ. Note that BCME
and BFP work across the full range of Γ. (c) Rate as a function of Γ
according to standard rate theories. The transmission coeﬃcient κ in
eq 13 is ﬁt to be κ = 0.5.

∫

dE(x)
dx

(19a)
(19b)

Initially, we imagine the particle is equilibrated in the left basin
of V0 and we ﬁt the average position of the nucleus to get the
rate constant. Now, unlike Figure 1, the FP and CME rate
constants are very diﬀerent for small Γ (as highlighted with the
arrow in Figure 2b). This discrepancy comes from the fact that,
according to the mean-ﬁeld based algorithms (FP and BFP),
there is only one channel for the barrier crossing (the green
arrow in Figure 2a). However, according to the surface-hopping
algorithms (CME and BCME), there are two channels through
which the particle can escape the basin on the left: either a
direct hop from V0 to V1 at the crossing point (the green
arrow) or motion over the barrier on V0 followed by
subsequent relaxation on V0 and later on a hop down to V1
(the purple arrows). Thus, it is not simply slow motion or a
large barrier per se that justiﬁes EF dynamics; in general, an

−1
dE(x) ⎞ e−βU (x)
⎟
Z0
dx ⎠

e−βU (xB)
Z0
(16)

Here, we have used the large barrier approximation so the
derivative of Fermi function is approximated as a Dirac δ
function. xB is the coordinate of the diabatic crossing point.
D
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what are the exact conditions necessary for EF dynamics
to be valid?55
Figure 2 is arguably the most important ﬁgure in this article.
The ﬁgure reminds us that if there are any excited state
dynamics at all, electronic friction must fail. And in practice, it
may well be very hard to rule out such dynamical processes,
especially in multidimensional problems. These ﬁndings should
be useful in the context of electrochemistry and surface physics,
where there is a continuous transition from outer to inner
sphere ET, and inexpensive dynamical models are sorely
needed.
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Figure 2. (a) Anharmonic, diabatic PESs deﬁned in eq 19. (b) The
rates of reaction as a function of Γ. The parameters for the PES are (all
in atomic units): m = 2000, a = 4.56 × 10−6, b = 50, ω = 0.0003, g = 5,
Ed = −0.00425 and nuclear friction γn = 2.7. The temperature is 300K
(so kbT = 9.5 × 10−4a.u.). The unbroadened barrier height for the two
paths denoted by green and purple arrows are 0.002375 a.u. and
0.00285 a.u., respectively. The CME must be valid for small Γ and BFP
must be valid for large Γ. Note that surface-hopping based algorithms
(CME and BCME) capture ground state dynamics (green arrow in
(a)) and excited state dynamics (purple arrows), whereas mean-ﬁeld
based algorithms (FP and BFP) capture only the former. This leads to
large diﬀerences for small Γ, as highlighted with the black arrow in (b).
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electronic friction model will fail whenever excited state
dynamics are important.

4. CONCLUSIONS
To conclude, we have calculated the rates of activated barrier
crossings with SH, FP, BFP, and BCME dynamics for the AH
model. We summarize our ﬁndings:
• As one should have expected from perturbation theory,
SH dynamics work well (only) when Γ is small.
• More interestingly, if we merely broaden the diabatic
PESs, our resulting BCME dynamics capture the correct
rates in both the small and large Γ limits. In fact, because
of the algorithm’s simplicity, we hypothesize that BCME
trajectories should be trustworthy more generally.
• Perhaps most surprisingly, we have shown that BFP
dynamics are also meaningful both in the large and small
Γ limits, assuming parabolic diabats and large barriers.
Indeed, eqs 16−18 above prove that, for electronic
transitions with large nuclear barriers and only one
possible escape channel, Marcus theory is eﬀectively
consistent with Kramer’s theory in the limit of small Γ
(and large, overdamped electronic friction). This ﬁnding
contradicts our intuition that EF dynamics should be
correct only when Γ > ω30 and raises the question of,
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