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ABSTRACT
It is well-known that under conditions of fast electronic equilibration and weak nonadiabaticity, nonadiabatic effects induced by electron-
hole pair excitations can be partly incorporated through a frictional force. However, ab initio computation of the electronic friction tensor
suffers from numerical instability and usually demands a convergence check. In this study, we present an efficient and accurate interpolation
method for computing the electronic friction tensor in a nearly black-box manner as appropriate for molecular dynamics. In almost all cases,
our method agrees quite well with the exact friction tensor which is available for several quadratic Hamiltonians. As such, we outperform
more conventional approaches that are based on the introduction of a broadening parameter. Future work will implement this interpolation
approach within ab initio software packages.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5085683

I. INTRODUCTION

Nonadiabatic effects are common on metal surfaces because
of the ease with which electron-hole pair (EHP) excitations can be
created from a continuum of electronic states around the Fermi
level whenever there is any non-vanishing nuclear-electronic cou-
pling. Moreover, the creation of EHPs can contribute signifi-
cantly to molecular dynamical processes on metal surfaces,1 includ-
ing adsorption,2,3 desorption,4 surface diffusion,5 and scattering.6,7

Unfortunately, modeling the exact dynamical role of EHPs on metal
surfaces is very challenging,8 and there are very few methods avail-
able today.9–15 After all, when the electronic state is not the ground
state and electronic dynamics are possible, one is necessarily break-
ing the Born-Oppenheimer (BO) approximation,16 which is the
bedrock of modern quantum chemistry.

Perhaps the most widely used correction to traditional BO
dynamics is electronic friction, a correction to ballistic nuclear
motion that incorporates some effects of EHP excitations. The
molecular dynamics with electronic friction (MDEF) approach17

evolves nuclei according to a classical Langevin equation

MR̈µ = Fµ −∑
ν
γµνṘν + ζµ(t), (1)

where µ and ν are nuclear coordinate indices, F is the averaged force
from adiabatic potential energy surfaces (PES), γ is the electronic
friction tensor (EFT), and ζ is the random force.

Equation (1), or γµν alone, was historically derived via sev-
eral different approaches.18 To our knowledge, the first prediction
of the EFT for adsorbates on metal surfaces was given by Suhl
and co-workers.19 In their study, the linear response of charge
density, current density, and kinetic energy density according to
the Fokker-Planck equation was equated to those according to full
quantum mechanics using a Kubo formula (a so-called “bootstrap”
procedure). Through this comparison, the electronic friction was
extracted. An alternative derivation in the framework of Ehrenfest
dynamics was given by Head-Gordon and Tully,17 assuming weak
nonadiabaticity. Their resulting EFT was consistent with the vibra-
tional Fermi’s golden rule relaxation rate of adsorbates on metal
surfaces.20–23 It is also possible to establish Eq. (1) through path
integral approaches24,25 or through an inspection of the electro-
chemical electron transfer rate.26 Recently, another formulation by
von Oppen et al. was obtained using the non-equilibrium Green’s
function (NEGF) and scattering matrix approach,27,28 assuming a
mean-field Hamiltonian. More recently, Eq. (1) was derived from
the quantum-classical Liouville equation (QCLE) by assuming only
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that electronic states equilibrate much faster than nuclear motion.29

Finally, through a cumulant expansion performed in the difference
between a fully quantum and a classical Hamiltonian, Galperin et al.
have shown that even if the assumption of slow nuclei is relaxed, one
can still find a generalized Langevin equation.30

Even though the underlying assumptions of the various
approaches above are slightly different, in general, it has been shown
that basically all reported EFTs are consistent in the Markovian limit.
For instance, the Head-Gordon and Tully friction is consistent with
the von Oppen friction,31 and the von Oppen friction is consistent
with the QCLE friction in and out of equilibrium.32 These findings
indicate that there is only one universal electronic friction tensor.
Moreover, the assumption of fast electronic equilibration should be
valid in many interfacial processes so that there is hope that elec-
tronic friction may be able to describe a host of non-BO relaxation
processes on metal surfaces, provided that Γ ≫ h̵ω, where Γ is the
adsorbate-metal hybridization function (i.e., h̵/Γ is the adsorbate
electronic lifetime) and ω is a typical molecular frequency.

Now, assuming a quadratic Hamiltonian at equilibrium, the
exact EFT takes the following form:29

γµν = −πh̵∫
+∞

−∞
d�Tr(∂µHP(�)∂νHP(�))

∂f (�)
∂�

, (2)

where H is the electronic Hamiltonian (that depends parametrically
on the nuclear position) and P(�) = δ(� − H). We reiterate that
µ and ν represent nuclear coordinates. Unfortunately, evaluating
Eq. (2) represents a big computational challenge. To understand why
this is so, note that the integrand in Eq. (2) consists of two parts.
On the one hand, ∂f /∂� is characterized by kBT, which is usually a
very small energy scale in solid-state systems compared with typical
electronic energy scales (bandwidth, hybridization function, etc.). As
a reference, kBT is merely about 26 meV at room temperature. On
the other hand, the eigenspectrum of H, denoted {λi}, usually covers
a very large energy range (e.g., a few electron volts). Thus, without
hundreds or thousands of points, there is a mismatch between the
relative magnitudes of kBT and the energy spacings of {λi} around
the Fermi level, which can easily lead to numerical error or instabil-
ity. In particular, it is quite possible that for realistic calculations,
the set {λi} will barely sample ∂f /∂� even though this set is suf-
ficiently dense to sketch other electronic properties, e.g., the band
structure or the spectral function. In general, calculating the elec-
tronic friction has proven to be very difficult and finicky, especially
if one wants to minimize the number of k points in the Brillouin zone
sampling.

From the form of Eq. (2), one may recognize the similar-
ity between the electronic friction and the electron-phonon (el-ph)
coupling strength

λqν =
1

ρ(�F)ωqν
∑
mn
∫

B.Z.

dk
ΩB.Z.

∣gmn,ν(k,q)∣2δ(�nk − �F)δ(�mk+q − �F)

(3)

at q = 0, where ρ(�F) is the density of states (DOS) at the Fermi level,
ωqν is the frequency of phonon of wavevector q and branch index ν,
and

gmn,ν(k,q) =
1

√
2ωqν

⟨ψmk+q∣∂qνV ∣ψnk⟩. (4)

Here, ∂qνV is the derivative of the self-consistent potential asso-
ciated with the phonon indexed by qν, and ψnk is the electronic
wavefunction for band n and wavevector k. To compute the elec-
tronic friction, one could follow well-established el-ph methods,
e.g., a Wannier interpolation followed by a Gaussian smearing.33–35

Alternatively, one could apply a periodic self-consistent calcula-
tion over a big unit cell and a Gaussian smearing afterward. We
should note that for these smearing-based methods, an additional
parameter (here denoted σ) emerges, characterizing the width of the
broadening/smearing functions. This additional parameter σ has no
intrinsic physical meaning but is only a numerical artifact that is
necessary in order to integrate over an infinite bath using a finite
set of states. In practice, results computed in this manner are con-
sidered acceptable as long as they do not significantly depend on
the broadening parameter σ (within a certain range, of course). In
an ideal world, σ will be arbitrarily small as we would work with
a sufficiently dense set of bath states (corresponding to a massive,
effectively infinite solid). However, in realistic simulations, one can
only afford a finite number of bath states and the convergence with
respect to σ is not always guaranteed.36 As such, a convergence study
is usually required, which prevents the algorithm from being a black-
box tool for an MDEF simulation. Moreover, a periodic calculation
with a large unit cell can be expensive. Altogether, these disadvan-
tages suggest that broadening schemes may not be optimal for com-
puting EFTs in the context of on-the-fly simulations. Besides these
broadening-based methods, the other standard solid-state approach
for computing the EFTs is the tetrahedron method,36,37 whereby one
slowly isolates the shape of the Fermi surface in reciprocal space.
This method is optimal at zero temperature, but it is not obvious
how to extend the method for large non-periodic systems. Finally,
we emphasize that, thus far, no one has checked whether or not these
standard el-ph methods predict the correct EFT for the quadratic
Hamiltonian—where one can derive analytical expressions for the
EFT.

The only other alternative nowadays to standard el-ph meth-
ods is the local density friction approximation (LDFA).10,12,21,38–41

According to the LDFA, the electronic friction is computed by
assuming that atoms move in a homogeneous free electron gas with
the electronic charge density set equal to the metallic charge den-
sity where the atoms are placed. As such, γµν is isotropic by con-
struction. However, in recent studies,13,15,42 ab initio calculations
show that γµν can be anisotropic and sometimes significantly non-
diagonal in either normal modes or crystallographic coordinates.
This finding indicates that EHP-induced nonadiabatic couplings can
lead to friction-induced intra-molecular energy redistribution and
a complete electronic friction tensor will be necessary to study the
accurate dynamical processes. For our purposes, the LDFA cannot
be applied to model Hamiltonians, hence will not be benchmarked
below.

Overall, the motivation of this study is to establish a fast,
(nearly) black-box algorithm for computing the electronic friction.
The paper is organized as follows. In Sec. II, we review several differ-
ent methods for calculating electronic friction tensors in a quadratic
Hamiltonian. These methods include (i) Gaussian broadening (GB),
(ii) off diagonal normalized Gaussian broadening (ONGB), and (iii)
direct quadrature (DQ). Also, we present the exact solution for the
EFT when possible. Finally, with insight from the exact solution, we
introduce our new scheme, an interpolation of the cumulative sum
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of orbital energy gradients (ICSOEG). In Sec. III, we benchmark
most of the methods above against three different model Hamil-
tonians. In Sec. IV, we discuss the advantages and usefulness of
our interpolation method and the future possibility for an ab initio
implementation. We conclude in Sec. V.

II. METHODS
We will now review several existing methods for evaluating

Eq. (2), and we will also introduce a new approach. Before doing
so, however, we note that electronic friction tensors can be exactly
evaluated in certain cases. Consider a system-bath-coupling model
described by the following quadratic Hamiltonian:

H = h(R)d†d +∑
l
�lc

†
l cl + (∑

l
Vl(R)c

†
l d + h.c.). (5)

Here, d(d†) is the operator corresponding to an impurity state and
cl(c†l ) is the operator corresponding to the bath state l whose energy
is �l. Both the impurity on-site energy h and system-bath coupling
V have a dependence on a parameter R, which may represent any
nuclear coordinate(s). The bath states are assumed to be sufficiently
dense to form a quasi-continuum.

In the wideband limit, the exact analytical expression, as
found with a nonequilibrium Green’s function (NEGF) approach,
is24,27,28,43

γWB
µν = −πh̵∫ d�(∂µh + (� − h)

∂µΓ
Γ

)(∂νh + (� − h)
∂νΓ
Γ

)A2
(�)

∂f
∂�

.

(6)

Here, Γ = 2π∑l V
2
l δ(�− �l) is the hybridization function (which is a

constant of � in the wideband limit), and

A(�) =
1
π

Γ/2
(� − h)2 + (Γ/2)2 (7)

is the spectral function. If we go beyond the wideband limit, the
relevant terms in Eq. (6) should be replaced by the following:44

h→ h̃(�) = h + Re(Σ(�)) = h + p.p.∑
l

∣Vl∣
2

� − �l
, (8)

Γ→ Γ(�) = 2π∑
l
∣Vl∣

2δ(� − �l) ≈ 2π∣V(�)∣2ρ(�), (9)

A(�)→ Ã(�) =
1
π

Γ(�)/2
(� − h̃(�))2 + (Γ(�)/2)2

. (10)

Here p.p. stands for the principal part. For details, see Eq. (17) in
Ref. 45 and Eq. (52) in Ref. 31.

As a practical matter, it is important to note that while eval-
uating Eq. (6) is straightforward for certain toy model problems
where the density of states ρ(�) and hybridization Γ(�) are smoothly
dependent on energy �, it can be tricky to evaluate Eqs. (6)–(10)
for other models where ρ(�) and Γ(�) may not be very smooth.
For example, in ab initio Green’s function calculations, a con-
tour deformation technique is usually invoked for numerical stabil-
ity.46,47 As a general rule, evaluating the spectrum function and the

hybridization function is numerically challenging. As such, we
expect that Eq. (6) would be nontrivial to implement for an ab initio
mean field calculation.

For this reason, we will now focus on other methods that are
feasible for evaluating the electronic friction tensor in Eq. (2) in gen-
eral. Our list, though not comprehensive, should give the correct
overall state of affairs.

A. Gaussian broadening (GB)
In a single-orbital basis, Eq. (2) can be reduced to

γGBµν = −πh̵∑
ij
(∂µH)ij(∂νH)jiδ(λi − λj)

∂f
∂�

∣
λi

, (11)

where i(j) refers to a Kohn-Sham orbital with energy λi(λj). The
Dirac deltas are usually replaced by a peak-shaped function δ̂(λi −
λj;σ) in practical implementations, where σ is the broadening
parameter. A common choice is Gaussian smearing

δ̂(λi − λj;σ) =
1

σ
√

2π
e−

(λi−λj)
2

2σ2 . (12)

The advantage of Eq. (11) is the ease of evaluation. The dis-
advantage of Eq. (11) is that, as mentioned before, verifying the
convergence with respect to σ can be time-consuming. Moreover,
the existence of such convergence may not be guaranteed without a
sufficiently dense set {λi}.

B. Off diagonal normalized Gaussian
broadening (ONGB)

The friction tensor can also be extracted by a careful con-
sideration of a vibrational relaxation process. In particular, one
may attribute vibrational relaxation to a frictional effect and
extract the friction tensor from the Fermi’s golden rule rate, which
yields22,23,42

γONGBµν = πh̵∑
i
∑
j≠i

(∂µH)ij(∂νH)jiδ(λi − λj)
f (λi) − f (λj)

λi − λj
. (13)

Interestingly, Eq. (13) contains only the off diagonal elements
of ∂µH. Every single term in Eq. (13) is effectively the product of
two derivative couplings multiplied by an electronic DOS. This rela-
tionship stands in contrast to Eq. (11), which is dominated by the
diagonal terms. Nonetheless, one might expect that Eq. (13) should
recover Eq. (11) in the continuum limit since δ(λi − λj) suggests that
only states with nearly degenerate energies can contribute, in which
case (f (λi) − f (λj))/(λi − λj) approaches ∂f /∂�∣λi .

Similar to the method in Sec. II A, for implementation pur-
poses, the Dirac delta functions have to be replaced by some broad-
ening functions. In a recent study,42 the broadening function was
proposed to be

δ̃(λi − λj;σ) =
δ̂(λi − λj;σ)

1 − erf(λi − λj)
, (14)

where δ̂(λi − λj;σ) is the previous Gaussian broadening function
[Eq. (12)]. Once (∂µH)ij and {λi} are obtained, evaluating Eq. (13)
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becomes straightforward. However, as we will show below, γONGB
faces similar convergence problems as does γGB.

C. Direct quadrature (DQ) with density of states
Yet another way to evaluate the electronic friction tensor and

tame the Dirac delta functions in Eq. (2) is to note that (assuming no
degeneracy)

δ(λi − λj) =∑
l
δ(λi − λl)δjl =∑

l
δ(λi − λl)δji = ρ(λi)δji, (15)

which yields

γDQµν = πh̵∑
i
(∂µH)ii(∂νH)iiρ(λi)

∂f
∂�

∣
λi

. (16)

Here, we have used the shorthand DQ to stand for direct quadrature.
One might correctly fear that Eq. (16) would be unreliable

unless the eigenspectrum {λi} was sufficiently dense to sample ∂f /∂�,
which is usually not possible in practice. And there is a natural chal-
lenge in Eq. (16): how to calculate the DOS ρ(λi)? Even so, Eq. (16)
can give us some qualitatively correct information about electronic
friction tensors, and we will present several results later.

D. Interpolation of the cumulative sum of orbital
energy gradients (ICSOEG)

We will now present a fourth and final algorithm for evaluating
the electronic friction tensors, which we believe finds the optimal
balance between accuracy and stability.

As mentioned earlier, the integrand in Eq. (2) is the product
of two functions with very different energy scales: ∂f /∂� is charac-
terized by kBT, while Tr(∂µHP(�)∂νHP(�)) is characterized by a
typical electronic energy; the latter is usually much larger than the
former. With such a separation of energy scales, obviously, one can
approximate the slowly varying function to be of a relatively simple
form locally. Therefore, an interpolation method would appear to
be well justified. Thus, our goal henceforth will be to approximate
Tr(∂µHP(�)∂νHP(�)) by a simple function in the region where
∂f /∂� is significant.

For such an interpolation scheme, we require
(i) Tr(∂µHP(�)∂νHP(�)) evaluated at energy eigenvalues {λi} and
(ii) an appropriate functional form. We begin with item (i). Accord-
ing to Eq. (15), if there is no degeneracy, we can focus on the
expression

Tr(∂µHP(λi)∂νHP(λi)) = (∂µH)iiρ(λi)(∂νH)iiρ(λi). (17)

Notice that the pair of problematic Dirac delta functions has not
been removed; instead, one problem has been transformed into
another: now, we must evaluate the DOS (ρ(λi)). Next, if we turn
to Eq. (15) again, it is simple to show that

(∂µH)iiρ(λi) = Tr(∂µHP(λi)). (18)

Therefore, instead of fitting the function Ωµν(�)
≡ Tr(∂µHP(�)∂νHP(�)), it is actually sufficient to fit the function
Zµ(�) ≡ Tr(∂µHP(�)). Obviously, Ωµν(�) is a quadratic function
of Zµ(�); such a splitting of the electronic friction tensor might be

expected from the factorization in Eq. (6). Finally, we still need to
deal with the DOS (i.e., delta functions) in Zµ(�). To that end, we
will define

Iµ(λi) ≡ ∫
λi

−∞
d�Tr(∂µHP(�)) ≈

i
∑
j=0

⟨ j∣∂µH∣j⟩. (19)

By fitting Iµ(�) instead of Zµ(�), the singularity of delta functions has
been completely removed.

At this point, let us turn to item (ii). The functional form to fit
I(�) must be carefully selected. At sufficiently low temperatures, it
suffices to fit I(�) as a polynomial

Ĩpolyµ (�) =
N
∑
p=0

aµ,p(� − �F)p, (20)

where �F is the Fermi level and N is the order of the polynomial. As
such,

γµν ≈ −πh̵∫
+∞

−∞
d�

dĨpolyµ

d�
dĨpolyν

d�
∂f
∂�

(21)

= πh̵[aµ,1aν,1 +
π2

3
(4aµ,2aν,2 + 3aµ,1aν,3 + 3aν,1aµ,3)(kBT)2 + . . .].

(22)

However, for reasonably large temperatures, the polynomial ansatz
in Eq. (20) will not be optimal to sketch Iµ(�). To that end, we would
like to find another functional form.

Fortunately, the wideband model discussed in Eqs. (5) and (6)
provides us with such an expression. Note that Eq. (6) can be readily
rewritten to give Ĩ(�) of the form

ĨWB
µ (�) =

1
π ∫

�
d�′(

Γ/2
(�′ − h)2 + (Γ/2)2 ∂µh

+
(�′ − h)/2

(�′ − h)2 + (Γ/2)2 ∂µΓ). (23)

In other words, Ĩ(�) is the integral of a Lorentzian and antisymmetric
Lorentzian. Based on the fact that many real systems can be mod-
eled in the wideband approximation, it would make sense to use
the functional form in Eq. (23) as an ansatz. The integration can
be performed analytically so that we must fit Iµ(�) to the following
functional form:

Ĩµ(�) = a0 + a1 arctan(
� − a3

a4
) + a2 ln[1 + (

� − a3

a4
)

2
]. (24)

Let us now summarize our interpolation algorithm (ICSOEG)
step by step for computing the EFT.

i. Find the eigenenergies {λj} and orbital response ⟨j∣∂µH∣j⟩;
ii. Align ⟨j∣∂µH∣j⟩ according to the ascending order of {λj} and

calculate the cumulative sum Iµ(λi) = ∑j<i⟨j∣∂µH∣j⟩;
iii. Fit (λi, Iµ(λi)) to a smooth function Ĩµ(�) in the vicinity of

the Fermi level. In practice, we recommend two curve fits:
one using the ansatz deduced from the wideband analysis
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[Eq. (24)] and the other using a polynomial fit [Eq. (20)]. The
fit with the smaller residual should be accepted;

iv. Numerically evaluate the friction on a tight grid

γICSOEGµν = −πh̵∫
�F+W

�F−W
d�

dĨµ
d�

dĨν
d�

∂f
∂�

, (25)

where W can be a few kBT.

E. Caveats
In a moment, we will present results comparing EFTs as calcu-

lated by all methods above (plus the exact answer). Before presenting
such results, however, a few caveats need to be addressed.

1. Is electronic friction valid?
It is very important to note that one cannot determine whether

or not MDEF is valid by computing γµν alone. Obviously, one can
calculate Eq. (2) or (6) for large or small Γ. However, as mentioned
earlier, Eq. (1) is itself valid only under the assumption of weak-
nonadiabaticity or fast electronic equilibration (or similar assump-
tions), which should imply γ is small. Thus, one can always question
the meaning of the EFTs that are evaluated by the above methods,
especially when Γ is relatively small at a diabatic crossing (so that γ
is big). To be more precise, assuming that one can estimate Γ during
the curve fitting procedures [note that the parameter a4 in Eq. (24)
should be exactly Γ/2 in the wideband limit] as well as a molecular
frequency ω (or some other characteristic time scale related to the
molecular dynamics), h̵ω/Γ can be used as a dimensionless, hope-
fully small perturbative parameter indicating the validity of MDEF.
Beyond this rule of thumb, delineating exactly when MDEF is valid
remains an active question of research,14,48,49 which is beyond the
scope of the present paper.

2. How many eigenstates are required?
In a typical solid-state calculation containing an adsorbate and

a metal slab, the bath spectrum is determined by the size of the metal
slab and the Brillouin zone sampling. In practice, for efficiency, one
always prefers a smaller unit cell and fewer Brillouin zone k points,
as long as the result is converged. An inevitable question is then,
how many bath states do we need to obtain a converged electronic
friction. From the analysis of the wideband model, we know that at
minimum, the energy spacing between bath states should be much
less than Γ, i.e., ∆λ≪ Γ, so that bath states can sketch out the spectral
function. We expect that this necessary condition is also sufficient
for calculating an EFT and preliminary evidence below would appear
to confirm our intuition, at least for some models that go beyond the
wideband limit.

3. Degeneracy
The key steps in establishing the interpolation method,

Eqs. (17) and (18), are based on Eq. (15), which holds true only when
the electronic Hamiltonian is not degenerate. In reality, of course, no
such assumption can always be true, especially given Kramers degen-
eracy (assuming time-reversal symmetry). Moreover, for materials
extended in two or three dimensions, a degenerate subspace is guar-
anteed and forms a one or two-dimensional manifold. As a result,
Eqs. (17) and (18) cannot be universally correct.

Nevertheless, that being said, for periodic calculations, the
interpolation method in Sec. II D should remain valid in most sit-
uations. Since ∂µH (in the limit of q = 0, where q is the phonon
wavevector) and P are both block-diagonal in crystal momentum
k, Eq. (2) is essentially a Brillouin zone summation50

γk−ind.
µν = −πh̵∫

+∞

−∞
d�(

1
Nk
∑
k

Tr(∂µH(k)P(k)(�)∂νH(k)P(k)(�)))

×
∂f (�)
∂�

=
1
Nk
∑
k
γ(k)µν . (26)

Suppose we now perform an interpolation method for each indepen-
dent γ(k)µν with the cumulative sum

I(k)µ (λik) =∑
j<i

⟨jk∣∂µH(k)∣jk⟩. (27)

When the electronic friction tensor is computed according to
Eqs. (26) and (27), let us denote the final answer γk−ind.

µν , which is
an average over γ(k)µν . For a general interfacial system, degeneracy at
a single k point will be uncommon, and so our interpolation method
should be safely applicable if we work always separately with each k
block.

Finally, although Eqs. (26) and (27) should be valid most often,
these equations may not necessarily provide a practical solution.
Within each k block, the number of (λik, I(k)µ (λik)) points used for
curve fitting is the number of bands. Without a large unit cell, it is
unlikely to sufficiently sample the vicinity of the Fermi level. That
being said, curve fitting would not be stable.

One tempting approximation is to give up the band picture at
the risk of introducing the degeneracy problem. As such, one can
compute the “k-gathered” cumulative sum

Iµ(λik) =
1
Nk

λjk′<λik
∑
jk′

⟨jk′∣∂µH(k
′)
∣jk′⟩, (28)

which will be much denser than I(k)µ . After calculating Ĩµ and Ĩν
by the curve fitting procedure in Sec. II D, the friction tensor can
then be directly computed by Eq. (25) rather than by averaging
over independent k components. To quantify this approximation,
let

Dk
µ(λ) ≡

1
∆λ

λ<λik<λ+∆λ

∑
i

⟨ik∣∂µH(k)∣ik⟩ (29)

be the energy-averaged sum of the orbital energy gradients whose
orbital energies lie within (λ, λ + ∆λ) with wavevector k. Further-
more, let

∆k
µ(λ) ≡ Dk

µ(λ) −
1
Nk

(∑
k
Dk
µ(λ)). (30)

Now,

γk−ind.
µν = −πh̵∫

+∞

−∞
d�

⎛

⎝

1
Nk
∑
k

dĨ(k)µ
d�

dĨ(k)ν
d�

⎞

⎠

∂f
∂�

, (31)
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FIG. 1. A wideband model for the Hamiltonian in Eq. (5); kT = 0.001, the friction is evaluated at the diabatic crossing point x0, i.e., h(x0) = 0. The remaining parameters are
chosen that ∂xh = −0.01, Γ = 0.028, ∂xΓ = −0.011, and �F = 0. The bath energy spacing is ∆E = 0.0002 so that Γ/∆E = 140, kBT /∆E = 5. (a) Friction tensors computed by
Gaussian broadening (γGB) and off diagonal normalized Gaussian broadening (γONGB) vs the broadening parameter σ [see Eqs. (12) and (14)]. The friction tensors computed
by direct quadrature (γDQ), our interpolation method (γICSOEG), and the exact wideband solution (γWB) are also plotted for reference. (b) I(�) ≡ ∫ � d�′Tr(∂xHP(�′)) vs
�. Here, we plot the cumulative sum expression for I(�) [Eq. (19)] and the fitted curve in the ICSOEG procedure (Ĩ(�)). (c) Z(�) ≡ Tr(∂xHP(�)) as a function of �. Z(�)
is evaluated at the eigenenergies of H according to Eq. (18). The asymmetric shape comes from non-Condon effects (∂xΓ ≠ 0). (d) Ω(�) ≡ Tr(∂xHP(�)∂xHP(�)) ≈
(Z(�))2 as a function of �. ∂f /∂� is also plotted for reference. In (b)–(d), for the sake of visual clarity, we plot the exact expressions (blue circles) only every tenth
eigenenergies. The ONGB result has the largest error (about 5%). For the most part, all of the methods agree well with the exact wideband expression.

γk−gatheredµν = −πh̵∫
+∞

−∞
d�(

dĨµ
d�

dĨν
d�

)
∂f
∂�

, (32)

where Ĩ’s in Eqs. (31) and (32) are the fitted curves of Eqs. (27)
and (28), respectively. The difference between γk−ind.

µν and γk−gatheredµν
can be seen from the difference between the two terms in the
brackets

1
Nk
∑
k

dI(k)µ
d�

dI(k)ν
d�

RRRRRRRRRRRλ

−
dIµ
d�

dIν
d�

∣
λ

=
1
Nk
∑
k
(Dk

µ(λ)D
k
ν(λ)) −

1
N2

k
(∑

k
Dk
µ(λ))(∑

k
Dk
ν(λ))

=
1
Nk
∑
k
(∆k

µ(λ)∆
k
ν(λ)). (33)

FIG. 2. (a)-(d) Same as in Fig. 1 with the
only change of parameters being that we
now set Γ = 0.013 and ∂xΓ = −0.005.
For this choice of parameters, we have
chosen Γ to be smaller so that there
are fewer eigenstates spread out over
the spectrum of interest. In (a), notice
that even though Γ/∆E = 65 is still quite
large and kBT /∆E = 5 remains unal-
tered, results from the broadening meth-
ods (γGB and γONGB) deteriorate. By con-
trast, our interpolation method remains
stable.
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In other words, the “k-gathered” approach essentially neglects
the fluctuations of orbital energy gradients within the degener-
ate subspace. As shown below, this approximation can be quite
good.

III. RESULTS
In this section, we will compare our interpolation scheme

with all of the other three methods in Secs. II A–II C when pos-
sible. We focus on three different model problems: (1) a flat-
band model, (2) a quasi-continuous system-bath-coupling model,
and (3) a periodic tight binding model containing a molecular
site and a slab. The last two models go beyond the wideband
approximation, and all of the three models go beyond the Condon
limit.

A. Flatband model
Consider a model described by the Hamiltonian in Eq. (5).

Assume that the bath levels (�l) are evenly spaced and sufficiently
wide and that all system-bath couplings (V l) are identical. For sim-
plicity, we assume that the parameter R has only one degree of
freedom, denoted by x. In Figs. 1–4, we benchmark the electronic
friction tensors according to all the methods in Sec. II for a variety
of bath DOS, temperatures, and hybridization functions (Γ).

As illustrated in Fig. 1, with the assumptions above, given a suf-
ficiently dense bath and large Γ (so that the model is in the wideband
limit), basically all of the methods in Sec. II agree very well with the
exact solution given by the NEGF expression [Eq. (6)]. Among these
approaches, the largest error happens to be the off diagonal normal-
ized Gaussian broadening method, which is about 5%; even so, the
error is small.

FIG. 3. (a)-(d) Same as in Fig. 1 except
that now kT = 0.015 and the bath con-
tains only 200 states (∆E = 0.002).
Here, the temperature is comparable to
Γ (Γ/∆E = 14, kBT /∆E = 7.5). How-
ever, observe that in (a), the broadening
methods fail to converge with respect to
the broadening parameter due to a poor
quasi-continuity. These results highlight
that broadening methods can fail even
in the high-T limit if there is not enough
sampling. By contrast, our interpolation
method still agrees very well with the
exact wideband result.

FIG. 4. (a)-(d) Same as in Fig. 3 except
that kT = 0.0002. Now, Γ/∆E = 14 and
kBT /∆E = 0.1. This low-T case rep-
resents the most difficult situation for
broadening methods: both Γ and kBT are
very small. As shown in (a), our interpo-
lation method remains relatively stable,
while other methods either do not yield
a correct result or even fail to converge
with respect to the broadening parame-
ter.
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In Figs. 2–4, we present γ in different situations that deviate
from the ideal wideband limit to the extent that we undersample the
bath states such that the spectral function of the impurity is sampled
by fewer energy eigenvalues. Fig. 2 shows that even with a flatband
of seemingly dense bath states, results from the broadening methods
can be less robust. A more significant example is shown in Fig. 3, in
which the bath has a DOS that is 1/10 of the previous one and can no
longer serve as a quasi-continuum. Results from the two broadening
methods fail to converge in this case, even though the temperature
is relatively high (kBT/Γ ≈ 0.53). At the same time our interpolation
remains stable, which is perhaps not surprising since the functional
form used in curve fitting is selected based on a wideband model.
Figure 4 shows that results from the broadening methods and direct
quadrature can further deteriorate if the system is equilibrated at a
low temperature. A similar situation naturally occurs for realistic
solid-state electron-phonon calculations, where the Brillouin zone
sampling is usually very sparse in a self-consistent field calculation as
compared with kBT. In practice, a Wannier (Fourier) interpolation
is often invoked to generate a dense k−grid before Gaussian broad-
ening so as to recover the necessary quasi-continuum.35 Such an
approach is very useful in Brillouin-zone integrations (having been
applied in many calculations) and may be worth exploring in the
future.

For our purposes, we report that our interpolation method
always remains relatively stable. Note that although the curve fitting
is still accurate, the relative difference between γICSOEG and γNEGF
increases to about 7%. We believe this error is systematic and orig-
inates because the condition of the bath being a quasi-continuum,
upon which Eq. (6) is based, is less robust in Fig. 4.

B. Quasi-continuous model
In Sec. III A, we studied a model that mimicked the wideband

limit, which is usually only a rough approximation of a true solid
state system. Now, we will investigate how the methods in Sec. II
behave when systems go beyond that limit. Here, exact solutions

FIG. 5. The density of states (left) and the hybridization function (right) of the quasi-
continuous model in Sec. III B. The bath has a total of 2000 states ranging from
−0.2 to 0.2. Note that we are now breaking the wideband approximation as Γ
depends on �.

are still available through Eq. (6) with the modifications listed in
Eqs. (8)–(10).

Consider a model described by the Hamiltonian in Eq. (5)
with the bath density of states and Γ shown in Fig. 5. Figures 6–8
show how Figs. 1, 3, and 4 change with a non-constant DOS and
Γ. Given a sufficiently dense bath and a moderate temperature, all
methods can recover the exact result (Fig. 6). However, as the bath
quasi-continuity deteriorates, broadening methods fail to converge
with respect to the broadening parameter. On the contrary, our
interpolation is very robust even without a very large number of
states and outperforms all broadening methods. It is worth noting
that at high temperatures (kBT ∼ Γ), our method has a small but
inherent systematic error that comes from the curve fitting, as can
be seen from Fig. 7. As such, broadening methods could perform
slightly better than our method if the bath was sufficiently dense.
Of course, our error could be lessened by using a more sophisti-
cated functional form than that in Eq. (20) or (24). In general, one
should be aware that kBT (e.g., 0.026 eV at 300 K) is usually much
smaller than typical Γ values for most reactions of interest, espe-
cially for bond-making and bond-breaking cases. When Γ is nearly

FIG. 6. A quasi-continuous model for the
Hamiltonian in Eq. (5). The bath den-
sity of states and hybridization function
Γ(�) are plotted in Fig. 5. Note that we
are now breaking the wideband approx-
imation. Our parameters are as follows:
kT = 0.001, h = 0, ∂xh = −0.01,
�F = 0.01, and ∂xΓ = −0.2Γ. At the
Fermi level, the bath energy spacing
∆EF = 2.24 × 10−4, ΓF = 0.0235, i.e.,
ΓF /∆EF = 105, kBT /∆EF = 4.5. The
quantities plotted in (a)–(d) are the same
as those in Fig. 1. Basically all meth-
ods agree well with the exact NEGF
expression.
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FIG. 7. (a)-(d) Same as in Fig. 6 except
that �F = 0, kT = 0.01, and the bath is
rescaled to contain only 200 states so
that ∆EF = 0.002 (but note that V l ’s are
adjusted accordingly so that the overall
Γ remains unchanged and still matches
that in the right panel of Fig. 5). Here,
ΓF /∆EF = 12.8, kBT /∆EF = 5. Similar
to Fig. 3, the broadening methods fail to
converge due to a poor quasi-continuity.
Our interpolation method has a 12%
error. This error is systematic since the
functional form we use is based on a flat-
band model and does not globally match
an arbitrary quasi-continuous model. The
quality of curve fitting, as can be seen
from (b)–(d), slightly deteriorates in this
high-temperature limit.

equal to kBT, such an equivalence may well indicate a failure of the
adiabatic picture, as does occur, for example, in the case of outer-
sphere electron transfer processes. In Fig. 7, a 12% error appears in
our interpolation method when kBT/Γ ∼ 0.5, which we believe to be
acceptable for MDEF.

C. Tight-binding model
For our last model, we consider a system containing a molecule

and a slab described by a tight binding model with the following
Hamiltonian:

H =HM + HB + HMB

=h(R)d†d +∑
ij
tijc†i cj + (∑

i
Vi(R)c†i d + h.c.).

(34)

Here, d refers to a molecular orbital on the surface, and ci refers to
the localized orbital on slab site i. tij (j ≠ i) is the hopping amplitude
from slab site j to site i. tii is the slab on-site energy. V i is the hopping
amplitude between the molecule and slab site i. The large slab should
be able to act as its own bath act as its own bath, and we will assume
periodic boundary conditions.

In principle, one can generate an arbitrarily dense set of states
given enough k points in the Brillouin zone even with a small unit
cell. However, as mentioned in Sec. II E 3, this dense set of k
points does not necessarily generate a quasi-continuum: because H
is block-diagonal in crystal momentum k, the electronic friction ten-
sor is essentially evaluated independently for each k [Eq. (26)] so that
the number of bath states used in a curve fit is the number of bands
[Eq. (27)]. Thus, the unit cell must be quite large to achieve con-
vergence. As an alternative to Eq. (26), one may use the “k-gathered

FIG. 8. Same as in Fig. 6 except that
kBT = 0.0002 and �F = 0.01. Here,
ΓF /∆EF = 11.1, kBT /∆EF = 0.09. This
case is similar to that of Fig. 4 insofar
as we are undersampling the manifold of
electronic states (relatively speaking). As
before, our interpolation method is much
more robust against this undersampled
bath spectrum than are the broadening
methods and the direct quadrature.
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approximation” in Sec. II E 3, Eq. (28), which gathers states from all
k for a single curve fit at the cost of neglecting the fluctuations of
orbital energy gradients within degenerate subspaces.

With that in mind, let us now block-diagonalize Eq. (34).
Consider a thin slab of a face-centered cubic lattice containing a
few layers along the [111] direction. A block of the Hamiltonian
reads

H(k) = h(R)d†d +∑
i,j
tije−ik⋅δc†i cj + (∑

i
Vi(R)c†i d + h.c.).

(35)

Here, k is the crystal momentum, the summation of i and j is taken
over the unit cell, and δ is the lattice vector that connects the home
unit cell to the destination unit cell. For intra-cell hoppings eik ⋅δ = 1,
the hopping amplitude is the same as that in Eq. (34); for hoppings
that cross the cell boundary, an additional phase (eik ⋅δ) is multiplied
to the original hopping amplitude. To visualize this Hamiltonian, see
Fig. 9.

Figures 10 and 11 plot the convergence of the electronic
friction tensor with respect to the slab size, the Brillouin zone
sampling, and the broadening parameters with different hybridiza-
tion strength. For each study, γ is computed by the two broadening

FIG. 9. A schematic diagram of the tight-binding model considered in Sec. III C.
The solid black circle is the molecular site. The open circles are the slab sites.
The figure contains 3 layers of triangular lattices with 4×4 sites within each layer.
Each layer is plotted in a unique color. The molecular site is on top of a bridge
position.

methods from Sec. II (γGB and γONGB) as well as the interpolation
method (γICSOEG). γICSOEG is plotted for the two different implemen-
tations discussed above [k−independent, Eq. (27), and k−gathered,
Eq. (28)]. The interpolation method that treats all k states at once
(k-gathered) yields very stable results, even for a small unit cell

FIG. 10. γGB(dashed red lines), γONGB (solid red lines), γICSOEG(k-independent) [Eqs. (25)–(27)] (dotted black lines), and γICSOEG (k-gathered) [Eqs. (25) and (28)] (dashed
black lines) for the tight-binding model described in Sec. III C. The intra-slab hopping amplitudes between the nearest neighbors are 0.03. The hopping amplitudes between
the molecule and the slab sites are assumed to be V i = 0.07/(1 + exp(r i − 6)), where r i is the distance between the molecule and the slab site i. The molecule is placed at
a height of 6 above a bridge position of the surface. kT = 0.001. The system is assumed to be periodic in the two spatial directions along the surface. The slab sizes and
k samplings are labeled above each plot. With a sufficiently large cell and dense Brillouin zone sampling, all methods basically agree. However, with a small cell size and
sparse Brillouin zone sampling, the k−gathered interpolation method is the only robust algorithm.
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FIG. 11. Same as in Fig. 10 except that V i = 0.05/(1 + exp(r i − 6)). With a reduced Γ, the k-gathered γICSOEG remains relatively stable. This behavior should be contrasted with
the case of the two broadening methods, which do not converge with the broadening width even with a slab of 16 × 16 × 6 sites. For this problem, γICSOEG with independent
k approaches γICSOEG with gathered k at larger cell size.

and few k points, as opposed to all of the other methods. In this
case, γICSOEG’s computed according to the k-independent method
do tend to approach those computed by the k-gathered method for
large cell sizes. By contrast, the two broadening methods do not
always generate stable results for small cells, though their perfor-
mance does improve with larger cell size and hybridization Γ. In
Fig. 12, we show the details of the curve fitting for the parameter
set used in Fig. 11. In particular, we plot the cumulative sum for
the k−gathered scheme against that for a k−independent scheme (at

k = 0). In the k−independent scheme, the number of states that form
the supposed quasi-continuum is the number of bands. Without a
sufficient number of bands (i.e., a sufficiently large unit cell), the k-
independent electronic friction tensors in Figs. 10 and 11 do not fully
converge. By contrast, the k-gathered approach converges much
faster.

Altogether, these results above strongly encourage the premise
that interpolation is a good ansatz for computing electronic friction
tensors, and if one is limited by computational cost to reasonably

FIG. 12. ICSOEG fit for the tight-binding model with the k-gathered (left) and with the k-independent (right) scheme (at k = 0), kT = 0.005. The cell contains 8 × 8 × 6 slab
sites and a 10 × 10 Brillouin zone sampling. As can be seen from the right panel, if we separate the electronic states according to crystal momentum k, the resulting data
points do not necessarily form a good, smooth quasi-continuum (as is required by a broadening method). Our numerical results suggest that the k−gathered scheme can be
an optimally efficient and robust approach, provided that the method is a good approximation to the more rigorous k-independent scheme (as is true here).
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small unit cells and few k points, then the most robust approach is
the k-gathered formalism.

IV. DISCUSSION
The results above demonstrate that the broadening meth-

ods presented in Sec. II are not always robust, particularly when
the bath states do not form a good, smooth quasi-continuum.
The quality of this quasi-continuum depends on (i) the (aver-
age) energy spacing of bath states (∆E) near the Fermi level,
(ii) kBT, and (iii) the hybridization function Γ. In particular, if
either ∆E ≪ kBT or ∆E ≪ Γ is not satisfied, broadening meth-
ods can fail to converge with respect to broadening parameters. For
ab initio methods, we can have no expectation of a good, smooth
quasi-continuum when treating a solid made up of realistic elec-
tronic bands as opposed to a jellium model. Overall, for the three
model studies presented above, broadening methods do not always
converge with the broadening parameter, and their relative error
can be very large (for example, see Fig. 4). Our tentative con-
clusion is that broadening methods are not optimal for ab initio
MDEF.

By contrast, the interpolation method proposed in this study
behaves in a relatively robust fashion for all models studied so far.
The functional form suggested in Eq. (24), though coming from a
wideband analysis, has performed well for a wide range of model
parameters. However, based on how the method was hypothesized,
there are a few caveats. First, at relatively high temperatures (kBT/Γ ≳
0.1), Eq. (24) may not exactly fit the region of interest and introduce
a systematic error, as shown in Fig. 7. Second, if the bath spectrum
is very narrow, neither Eq. (20) or (24) is guaranteed to provide a
good approximation. In both cases, a simple solution would be to use
another functional form and check for convergence besides Eqs. (20)
and (24).

As for the curve-fitting step, a few points need to be addressed.
First, the range of (λi, Ĩ(λi)) used for the curve fitting should be care-
fully selected. On the one hand, the selected set of (λi, Ĩ(λi)) should
be large enough to be identified as a smooth segment of I(�) and
cover the region where ∂f /∂� is significant; on the other hand, this
set should be as small as possible for efficiency and accuracy (since
it is impossible to find a functional form that can match Ĩ(�) for
all systems globally). In practice, this set can be selected as follows.
First, consider two energy ranges centered around the Fermi level �F :
(i) the range characterized by kBT and (ii) the range characterized
by the average energy spacing (∆E) near �F . The actual range that
is used to determined the set for curve-fitting should be the larger
of the two, e.g., [�F − max{5kBT, 20∆E}, �F + max{5kBT, 20∆E}].
Second, the curve-fitting required by our interpolation method is a
nonlinear problem. Although there are quite a few well-established
methods that are available, such as the Levenberg-Marquardt algo-
rithm51–53 or the trust region method,54,55 we find that a good initial
guess is of crucial importance, particularly when the energy range
of data points for curve-fitting is much smaller than Γ. In prac-
tice, one may first apply a global fitting to obtain a crude param-
eter set {ai} for Eq. (24) and then use this crude {ai} as the ini-
tial guess for a fine curve fitting on the energy range discussed
above.

Finally, it should be noted that the above discussions have
intrinsically assumed that the electronic friction is a meaningful

property of the system at hand and the problem is only com-
puting the EFT. This premise is often the case for gas molecules
scattering from a surface, where the bulk solid should provide
an ideal bath which cannot be fully captured by ab initio cal-
culations with a unit cell of reasonable size. That being said, as
stated earlier and well known in the literature, the validity of elec-
tronic friction is never guaranteed, especially for the case of small
Γ, in which case the requirement of fast electronic equilibration
might be violated.18 Nevertheless, in the future, if we can run
MDEF simulations more easily, we will certainly know more about
the nature of nonadiabatic surface interactions than we presently
know.

Looking forward, we believe the interpolation method pre-
sented here can be easily realized in ab initio calculations. In
practice, according to Eq. (19), all we need are the diagonal
matrix elements ⟨j∣∂µH∣j⟩, which can be obtained from, for exam-
ple, density-functional perturbation theory. Such an interpolation
method does not rely on any user-identified broadening parame-
ters, which is an enormous advantage for on-the-fly simulations
and should make the algorithm compatible with on-the-fly MDEF
simulations.

V. CONCLUSION
Even though electronic friction is a universal first order cor-

rection to BO theory, with a great deal of development, computing
an EFT remains notoriously difficult as the integral expression in
Eq. (2) contains two delta functions and demands far more than a
DOS calculation. In this study, we have introduced an interpola-
tion method for computing the electronic friction tensors. Bench-
mark studies against traditional broadening methods suggest that
our interpolation method is the most robust option. And unlike tra-
ditional methods based on broadening, our interpolation method
relies only on orbital energy gradients (rather than derivative cou-
plings) and does not involve any user-identified parameters. These
advantages should make this interpolation scheme a good can-
didate for on-the-fly ab initio simulations in a nearly black-box
manner.
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